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Abstract. The aim of this article is to study Bloch-Kato's exponential map 
and Perrin-Riou's big exponential map purely in terms of (ip, r)-modules over the 
Robba ring. We first generalize the definition of Bloch-Kato's exponential map 
for all the (ip, r)-modules without using Fontaine's rings B crys , BdR of p-adic 
periods, and then generalize the construction of Perrin-Riou's big exponential 
map for all the de Rham (ip, r)-modules and prove that this map interpolates 
our Bloch-Kato's exponential map and the dual exponential map. Finally, we 
prove a theorem concerning the determinant of our big exponential map, which 
is a generalization of the theorem S(V) of Perrin-Riou. The key ingredients 
for our study are Pottharst's theory of the analytic Iwasawa cohomology and 
Bcrger's construction of p-adic differential equations associated to de Rham 
(ip, r)-modules. 
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1. Introduction. 

1.1. Introduction. Let p be a prime number, K a finite extension of Q p and Gk 
the absolute Galois group of K. Let B crys , B e := B^* , B~[" R and B dR be Fontaine's 
rings of p-adic periods ([Fo94]). 

By the results of Fontaine ([Fo90j), Cherbonnier-Colmez ( |CC98j ) and Kedlaya 
( |Ke04] V the cate gory of p-adic representations of Gk is naturally embedded in 
the category of (ip, r^)-modules over the Robba ring Bj ig K . The (ip, r)-modules 
corresponding to p-adic representations are called etale (<p, r)-modules. 

The aim of this article is to study Bloch-Kato's exponential map and Perrin- 
Riou's big exponential map in the framework of ((p, r)-modules. In particular, we 
generalize Perrin-Riou's big exponential map to all the de Rham (ip, r)-modules. 

1.2. Bloch-Kato's exponential map. For a p-adic representation V of Gk, 
Bloch-Kato ( |BK90j ) defined a Q p -linear map 

expK,v ■= Siy ■ V*r(V) -> H 1 ^, V), 

where we put D^_(V) := (BdR ®q p V) k , as the first connecting homomorphism 
of the long exact sequence 



^E°(K, V) -> H°(K, B e © Qp V) © H°(K, B+ R © Qp V) -> E°(K, B dR © Qp V) 
^R\K, V) E\K, B e © Qp V) © E\K, B+ R ® Qp V) -> H 1 (K, B dR © Qp V) 
^>H 2 (if, V) H 2 (K, B e © Qp 1/) 

associated to the short exact sequence obtained by tensoring V with the so called 
Bloch-Kato's fundamental exact sequence 

„ ^ xh-t(x,x) (x,y)i-^x—y „ 

->• Q P — ^ B e © B+ R 1^ ^ B dR 0. 

When 1/ is a de Rham representation, Kato ( [Ka93a] ) defined the dual exponential 
map 

e WKyV{1) :K\K,V)^n« R (V) 

using Tate's paring U : H 1 (i^, V) x H 1 (i^, V v (l)) — > Q p and the canonical paring 
D dR (V) x D^ R (l /V (l)) — >• if. These maps describe the mysterious relationship 
between Galois objects and differential objects. In fact, when V = Q p (l) or V is 
the p-adic Tate module of an elliptic curve over Q, Kato ( [Ka93aJ, [Ka04] ) proved 
that the values of exp^^ ^ v v^_ k -j for suitable k ^ at some special arithmetic 



elements (i.e. cyclotomic units or Kato's elements obtained from his Euler system 
) can be described by using the special values of the L-functions associated to 
cyclotomic twists of V. 

In this article, we first generalize the above long exact sequence and the definition 
of Bloch-Kato's exponential and the dual exponential maps for (ip, IV)-modules 

OVer B lig,K- _ 

Fix a set {C P ™}n^i Q K such that ( p ^ 1, Q — 1 and (pn+i = ( P ™ for each n ^ 1. 
Set K n := K(C p u), := U n K n and T K := G^K^/K). Let t := log(l + T) G 
Bj igX be the period of Q p (l) determined by {C P ™}n^i (see §2.1 for the precise 
definition) . 

Let D be a ((p, rx)-module over Bj ig is: . Taking the "stalk at ( p n — 1" (n ^ 1), 
we can define Kjfc]] := U n K n [[t}} -modules T>% f {D) and D dif (D) := H+ f (D)[l/t] 
with semi-linear Tk '■= Gal(ii' 00 /ii')-action. Using the ip, T^-actions, we can define 
cohomologies 

E q (K,D), H«(K,D[l/t]), H«(iir,D+ (D)) and R q (K, D dif (D)) 
which correspond to 

W(K,V), H q (K, B e ®q p V), H'^B+^V) and H«(AT, B dR ® Qp V) 
respectively. 

Our first result is the following theorem (Theorem 12.81 and Theorem 12. 21 p . which 
is the (ip, r)-module version of the above long exact sequence and its comparison 
with that of etale-case. 

Theorem 1.1. (1) We have the following functorial exact sequence 

->H°(#, D) -> E°(K, D[l/t}) © E°(K, D+ f (L>)) ->• H°(K, D dif (L>)) 

^H 1 ^,/)) -> tf^Dll/tOetf^D+f^)) H x (ir, D d if(D)) 

^R 2 (K,D) ->■ H^Dfl/t]) -> 0. 

(2) Lei -D(U) &e £/ie (<£>, L -module over B^ ig ^ associated to V. Then, we 
have functorial isomorphisms 

(i) H*(tf,V)4H«(tf,£>(V)), 

(ii) W(K,B e ® Qp V) 4 H*(#,D(V)[1/*]), 

(iii) H*(tf, B dR } ® Qp y) 4 EP(Jr, D d t f ) (D(\/))) 

/or eac/i q ^ ; and t/iese comparison isomorphisms induce an isomorphism 
from the long exact sequence associated to V to that associated to D(V). 

Remark 1.2. The isomorphism of (i) is due to Liu ( |Li08j ). and that of (iii) is 
due to Fontaine ( [Fo03j ) . 

Remark 1.3. We construct this long exact sequence purely in terms of (<p,T)- 
modules without using Fontaine's rings B crys , B dR and B d R. As will be shown in 
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this article, this fact enables us to re-prove some results concerning Bloch-Kato's 
or Perrin-Riou's exponential maps more directly. 

Remark 1.4. In fact, in § 2.5, we prove the above comparison result (2) in a more 
general setting. In |Ber08a] . Berger defined a notion of L?-pairs using B e , Bj R 
and B dR , whose category naturally contains the category of p-adic representations 
of Gk, and established an equivalence of categories between the category of im- 
pairs and that of (ip, IV)-modules over Bj igif . In § 2.5, we prove the comparison 
isomorphisms for all the 5-pairs (see Theorem 12.2 ip . 

As in the case of p-adic representations, we define Bloch-Kato's exponential map 
of D as the connecting homomorphism of the above exact sequence 

ex Pi , jD := 5 1>D : D*(L>) ^(K,D), 

where we put D dR (D) := H°(Lf, D dif (.D)). When D is a de Rham (<p, r)-module, 
then we also define the dual exponential map 

exp^v^H^D^D^p) 

in the same way as in the case of p-adic representations. 

1.3. Perrin-Riou's big exponential map. To construct ap-adic L-function for 
a p-adic Galois representation V coming from a motive, it is crucial to p-adically 
interpolate the special values of the complex L-functions associated to cyclotomic 
twists of V. Since Bloch-Kato's exponential map and the dual exponential map re- 
late some arithmetic elements in Galois cohomology groups with the special values 
of the L-functions, it is crucial to p-adically interpolate Bloch-Kato's exponential 
map and dual exponential map for the construction of the p-adic L-function and 
for relating the p-adic L-function with the Selmer group. 

Let A := Z P [[IV]] be the Iwasawa algebra of Fk, ^od the Q p - valued distribution 
algebra of Tk (see §3.1 for the precise definition). For a p-adic representation V 
of Gk-, Perrin-Riou ( |Per92] ) defined a A-module 

HfjK,V) := (fmH"(if n ,T)) ®^ Q p , 

n 

called the Iwasawa cohomology of V, where T is a G^-stable Z p -lattice of V and 
the transition map is the corestriction map. This A-module p-adically interpolates 
H 9 (L, V(k)) for any L = K, K n and fceZ, i.e. we have a natural projection map 

P T L>v{k) :Hl(K,V)^R^L,V(k)) 

for each L and k. When K is unramified over Q p and V is a crystalline representa- 
tion of Gk, Perrin-Riou QPcr94j) constructed a system of functorial Aoo-morphisms 

tt v ,h : (Aoo ® Qp B« ys (V)f=° -> A^ ® A (Hl(K, V)/Ul(K, V) A _ torsion ) 

for each h ^ 1 such that FiY~ h ~D$ R (V) = ~D^ R (V), and proved that this interpolates 
exp L V ^ and exp^ v v (i+k) ^ or an y ^ = ^n, K and for suitable k. Here, the source 
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of the map fly,h is a A^-module which p-adically interpolates D dR (V (k)) for any 
L and k. This map fly ,h is the most important ingredient for her study of p-adic 
L-functions ( |Per95j ). 

The main purpose of this article is to generalize the map Qy,h to all the de Rham 
(if, r)-modules. For this generalization, the following two notions are essential; 

(1) Pottharst's theory of the analytic Iwasawa cohomology, 

(2) Berger's construction of p-adic differential equations associated to de Rham 
(<p, r)-modules. 

As for (1), for each (ip, IV)-module D over Bl ig>K , Pottharst f |Pol2bj ) defined 
a Aoo-module 

Kl(K,D) 

called the analytic Iwasawa cohomology as a generalization of the Iwasawa co- 
homology of p-adic representations. In fact, he proved that we have a functorial 
Aoo-isomorphism 

Hl(K, D(V)) ^ Aoo ®a H* w (tf , V) 
for each p-adic representation V. 

As for (2), let D be a de Rham (<p, r)-module. In order to interpolate D dR (D(k)), 
we need to generalize the Aoo-module A^ ®q p D^ Tys {V) for de Rham case. Our idea 

is to use Berger's p-adic differential equation N rig (D). Let Vo := G A^, 

where 7 G Tk is a non-torsion element. For each « 6 Z, we define V« := Vo — i G 
Aqo. Let x '■ Gk Z* be the p-adic cyclotomic character. Vo acts on D as a 
differential operator and acts on Bj igi Q by t(l + T)-^. 

In |Ber02j . [Ber08b] . for a de Rham (92, T^-module D over T$l igK , Berger de- 
fined a (</?, rx)-submodule N rig (D) C D[l/t] which satisfies that Vo(N rig (.D)) C 
£N r i g (.D). This condition enables us to define another better differential operator 

8 : = V ® e_! : Nrig(D) -> N lig (D(-l)). 

The map d naturally induces a Q p -linear map 

8 : Hl(K,N Tig (D)) -> H^NrfgpC-l))). 

In §3.2, we define a canonical projection map for each L = K, K n , 

T L :Hl(K,N rig (D))^V L dR (D). 

The main theorem of this article is the following (Theorem 13. lOj) . which con- 
cerns with the existence of a Aoo-morphism Exp^, h for each h G Z^i such that 
Fil _ ' l D^ l (D) = D dR (D) which interpolates exp L v ^ for some k ^ — (h — 1) and 
exp2 D v (1 _ fc) for any fe < -/i. 

Theorem 1.5. Lei D be a de Rham (if, Y ' k) -module over B J ig K . Let h G Z^i stzc/i 
i/ioi Fil _/l D^(.D) = D^(.D). T/ien i/iere exists a functorial A^-linear map 

Exp DA : Ul(K,N Tig (D)) -> Hj w (K,D) 
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such that, for any x € Hj w (K, N rig (D)) ; 

(1) if k ^ 1 and there exists Xk € H^if, N rig (D(A;))) sttc/i i/iai d k (xk) = x or 
ifO^lk^l — (h — 1) and x^ := d~ k (x), then 

m ( W (-^) h+k -\h + k - 1)\\T L , tm \ 

/or eac/i L = K, K n , 

(2) i/ -/i ^ jfe, t/ien 

I Tit I ~ 
exp2 iD v (1 _ fc) (pr LiD(fe) (Exp D ?i (2;)) = ^\ p m{L) T L (d- k (x)) 

for each L = K, K n , 
where we put m(L) := min{f p (log(x(7))|7 G T L } /or eac/i L = K, K n . 

Remark 1.6. The definition of Exp D h is strongly influenced by Berger's work 
( |Ber03j ) concerning the re- interpretation of Perrin-Riou's map in terms of (<p, T)- 
modules. In particular, this theorem is a generalization of Theorem 2.10 of |Ber03j 
to all the de Rham ((p, IV)-modules over B^ ig K for any p-adic field K. 

Remark 1.7. When K is unramified and V is crystalline, we can easily compare 
Aoo ®q p D^ ys (V) with Hj w (i^, N r i g (D(y))). Hence, we can also compare Vt v ,h 
with Exp D (y-) h by the Berger's work above . Therefore, the maps Exp D h and their 
interpolation formulae can be regarded as a generalization of Perrin-Riou's theorem 
(Theorem 3.2.3 of |Per94] ) on the existence of Qv,h and their interpolation formulae 
to all the de Rham (p, r)-modules. Moreover, Pottharst ( [Pol2b] ) generalized fly,h 
(precisely, the inverse of fly,h called big logarithm) to crystalline (<p, r)-modules 
using the theory of Wach modules. We can also compare Pottharst's map with our 
map. See §3.5 for more details about the comparison of our big exponential map 
with their ones in crystalline case. On the other hands, Colmez (Theorem 7 of 
|Col98] ) generalized Perrin-Riou's map to all the de Rham p-adic representations 
by a completely different method. 

Remark 1.8. In fact, Perrin-Riou and Comez also proved the uniqueness of their 
big exponential maps using the theory of "tempered Iwasawa cohomologies" . If we 
can generalize the theory of tempered Iwasawa cohomologies for (ip, r)-modules, 
it will be possible to prove the uniqueness of our map Exp Dh . 

Finally, we prove a theorem ( Theorem 13 .2 1[) concerning the determinant of 
Exp Dh . For a torsion co-admissible Aoo-module M, denote by charA oc (M) the 
characteristic ideal of M, which is a principal ideal of A^. 

Theorem 1.9. (5(D)) Let D be a de Rham (p,Tx) -module over Bj igK - of rank d 
with Hodge-Tate weights {hi, h 2 , ■ ■ ■ , h^}. For each h ^ 1 such that Fi\~ h Y)^ R (D) = 
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D^ R (D), we have the following equality of principal fractional ideals of A^, 
— r-r—. det* (HLf^NriRp)) HUK,D)) 

= char Aoo (Hj w (i ; r, D))(char Aoo Hj w (i ; r, N rig (D))) _1 . 

Remark 1.10. This theorem is a generalization of the theorem 5(V) which was 
conjectured by Perrin-Riou ( |Per94] ) and was proved as a consequence of her 
reciprocity law conjecture Rec(V) proved by Colmez ( |Col98j ). Kato-Kurihara- 
Tsuji([KKT96]), Benois ( [BenOO] ) and Berger QBer03j). The theorem 5(V) is very 
important in her works on p-adic L-functions. For example, this enables us to 
define the "inverse of fly,h" > which is a generalization of Coleman homomorphism 
and from which we can conjecturally define the p-adic L-functions associated to 
V. In the non-etale crystalline case, Pottharst also generalized the theorem 5(V) 
and proved his theorem 5(D) for all the crystalline (if, r)-modules D by reducing 
to the etale case using a slope filtration argument. In §3.5, when D is crystalline, 
we show that our 5(D) is equivalent to their 5(V) or 5(D). Moreover, our proof 
does not use Kec(V) and is via a direct computation rather than by reducing to 
the etale case, hence gives a new and more direct proof of their theorems. 

Introducing non-etale (if, r)-modules to Iwasawa theory was initiated by Pot- 
tharst in |Pol2a] and |Pol2bj . where he studied Iwasawa main conjecture for p- 
supersingular modular forms by generalizing the notion of Greenberg's Selmer 
groups using his theories of the analytic Iwasawa cohomology and of the big log- 
arithm. Our interpolation formula of the big exponential map might help study 
the values of the p-adic L-functions. Moreover, the author hopes that the results 
of this article will shed some light on Iwasawa theory or p-adic L-functions in the 
case of bad reductions. As another application of this article, in the next article 
( |Nal2j ). the author generalize Kato's local e-conjecture QKa93bj ). which is in- 
timately related with Kato's generalized Iwasawa main conjecture QKa93aJ), for 
families of (ip, r)-modules over the Robba ring and prove the conjecture in some 
special cases using the results of this article. 

Acknowledgement. The author would like to thank Kenichi Bannai for con- 
stantly encouraging the author. He also would like to thank Gaetan Chenevier 
and Jonathan Pottharst for discussing related topics on (ip, r)-modules over the 
Robba ring. 

Notation. Let p be a prime number. Let K be a finite extension of Q p , K the 
maximal unramified extension of Q p in K, K a fixed algebraic closure of K, C p the 
p-adic completion of K. Let v p : C p — > Q be the valuation such that v p (p) = 1. 
Let | — |p : — > Q^ be the p-adic absolute value such that \p\ p := 1/p. Let 

Gk '■= Gdl(K/K) be the absolute Galois group of K. We fix a set {C P ™}n^i Q 
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such that Cp 7^ 1 an d Cp — 1 an d C P «+i = Cp n f° r an y 71 = 1- We put K n := K(( p n) 
{n > 1) and := U n ^iK n . Let x : Gk Z* be the p-adic cyclotomic character 
(i.e. the character defined by the formula g{( p ™) = Cp^ f° r an y n = 1 an d 
g G Gk). We put IV := Gi<-/Ker(x) Ga^K^/ K). Denote by the same letter 
X '■ TV ^ Z* the map which is naturally induced by % : Gk Z*. Define the 
base e x := (Cp»)»£i e Z p (l) := ^ /y, (i?) . Set e k := ef fc G Z p (k) := Z p (l)® k 
for each k G Z. In this article, we normalize Hodge- Tate weight such that that of 
Q p (l) is 1. For a finite group G, let denote by \G\ the order of G. 

2. BLOCH-KATO'S EXPONENTIAL MAP FOR (ip, r)-MODULES 

In this section, we define Bloch-Kato's exponential and the dual exponential 
maps for (<p, r)-modules over the Robba ring. In §2.1, we first recall the definition 
of (ip, r)-modules over the Robba ring. In §2.2, we recall the definitions of some 
cohomology theories associated to (<p, r)-modules. The subsection §2.3 is the main 
part of this section, where we generalize Bloch-Kato's fundamental exact sequence 
to all the (ip, r)-modules, and then define Bloch-Kato's exponential map for them 
and gives a explicit formula of this map. In §2.4, we define the dual exponential 
map explicitly and then prove that this is the adjoint of our Bloch-Kato's expo- 
nential map. In the final subsection §2.5, we compare our exponential map with 
classical Bloch-Kato's exponential map using the notion of S-pairs. 

2.1. (ip, r)-modules over the Robba ring. In this subsection, we recall the 
definition of (tp, r)-modules over the Robba ring. 

We first recall the definition of Fontaine's and Berger's rings of p-adic periods 
( |Fo94j . |Ber02j ). Almost all rings in this paragraph are used only in §2.4, where 
we compare our exponential map with classical Bloch-Kato's exponential map. 
Define E + := hm^ o Oc p /p, where all the transition maps are the p-th power 

map. The ring E + is equipped with a valuation t>g+ defined by fg+((^ n )nSo) : = 
\im n ^ OD p n v p (x n ), where x n G Cp is a lift of x n G Cp /p. By this v^+, E+ is 
a perfect complete valuation ring. We denote by E := Frac(E + ) the fraction 
field of E + . We define e := (C p «)n^o G E + for the fixed set {C P ™}n^o- We have 
v^+(e - 1) = ^j. Define p := (p n ) n ^o G E+ where p := p and p p n+1 = p n 
for any n ^ 0. Let A + := W(E + ), A := W(E) be the rings of Witt vectors 
of E + and E respectively, which are naturally equipped with actions of ip and 
Gk- For each a G E, denote by [a] G A the Teichmiiller lift of a. We have a 
natural G^-equivariant surjective ring homomorphism 9 : A + — > Oc p such that 
#([(^n)n^o]) := liuin^oo x v ™ , where x n G Oc p is a lift of x n . We have Ker(6>) = 
([p] — p). We define B^" R := h_m >o A + [l/p]/(Ker(#)[l/p]) n and define an element 

t := log([e]) = J2 n >i — Q £ ] ~ -0™ e ^dR' then B^ R is a discrete valuation ring 
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with the maximal ideal tB^ R and with the residue field C p . We have (p(t) = pt 
and j(t) = x(l)t f° r an y 7 ^ ^V. We put BdR := Frac(B^ R ) = Bj R [l/£]. These 
rings Bj R and BdR are naturally equipped with G^-actions. Next, we define Bj ig 
and B max . For each ^ r ^ s < +00 such that r, s G Q, we define a ring A^ as 
the p-adic completion of A+[j^, We define B>' s l := A^[l/p], B^ ax := 

B [0 >^ ] , BV ;= n r <; s<+00 BM and B r f ig := U r Bj£ and B+ := n a<+0O BM These 
rings are equipped with G^-actions. The ring B+ ax is stable by cp and cp induces 
isomorphisms B>' s l ^ B^ ps \ B]£ A B r ^ r and Bj ig ^ Bj ig . For each n ^ 0, we 
put r n := p a ~ l (p — 1) = l/f p (Cp" — 1)- Then, we have a natural injection B[ r °' r °l 
B+ R and a G^-equivariant injection t n : B^ n Bj; g ° <-» B[ r °> r °] <-> B+ R for 

each n > 0. The element i is an element of Bj- and, since we have Bj- C B+ 

— rig ' rig — IlldX 

and B^ g C Bj ig , t is also contained in B+ ax and Bj ig . We define B max := B+ ax [l/t] 

and B e := B^ = (B+ g [l/i])^ =1 . One has B e = (B r f ig [l/t])^ =1 by Lemma 1.1.7 of 
|Ber08a] . 

We next recall the definition of the Robba ring Bj ; K C B^ ig . See [Ber02] for 
more details. We set T := [e] — 1 G A + . We first assume that K = F is unramified 
over Q p . For each r G Q>o, we define a subring Bj- gF of Bj^ g by 

BV F := {/(T) := ^2a n T n \a n G Fand/(T)is convergent on p~ 1/r ^ |T| P < 1}. 

We define := U^B^ C B r f ig . We note that t = log(l + T) G B^ 

for any r. As a subring of Bjj g , this definition of B^ g F does not depend on the 
choice of T, i.e does not depend on the choice of {C P ™}n^o- For general K, we put 
F := Kq, Ck '■= [Koo : F^} and denote by K' C if^ the maximal unramified 
extension of F in K^. Then, the theory of fields of norm enables us to define the 
subring B^ ig K of Bj ig as a finite Galois extension of B^ g K , of degree ex and there 

exist r(K) G Q> and n K G BV^P such that B^ ig ^ = U r ^ r (x)Bj- g K is the union 
of the subrings 

B X,k = ^2^x1 a n G F'&adf(X) is convergent on p" 1 /^ ^ < X } 

of Bj- g . For each finite extension if C K'(C. K), Bj ig K is a subring of B^ K ,. For 

any n ^ 1, we have an equality Bj^^ = B^ ig ^. The ring B> TigK is stable by the 

actions of <p and G^ on B^ ig . More precisely, we have (p(Q\[ r g K ) C Bjj^ and the 
action of G^ factors through that of Yk- When K = F is unramified, these actions 
are explicitly defined by the following formulae, for f(T) = ^2 n <=.%anT n G B^ ig F 
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and 7 G IV, 

¥>(/C0) == E ^K)(( T + !) P - 7(/(T)) := E ^((T + 1)*™ - 1)". 



Next, we define a Q p -linear map ip : B^ igii - — > T$l igK as follows. It is known that 
^lig,K can be written as a direct sum Bj; K = ©f=o(T + l)V(Bj ig so each 
element x G Bj igii - is uniquely written as x = Y^Zo(T + ^) %i p{xi)i then we define 

i> by 

p-i 

^ : B r f ig;X -> B^ : s = E( T + l)V(*i) ^ *o- 

This operator ^ satisfies that tpip = id and ip is surjective and commutes with the 
action of IV. More precisely, if we define n(K) := min{n|r ra ^ r(K)}, then we 
have "^(Bj-g"^ 1 ) = for any n ^ n(K). For each n ^ n(K), the restriction 

of t n : Bjj g n B~J" R to Bj; g " K factors through ^ B~[" R , i.e. t n induces a 

T^-equivariant injection 

tn : B^> ^ tf B [[f]]. 
When X = F is unramified over Q p , t n : B^ F F n [[t\] is explicitly defined by 

i n (J2 a m T m ) := E <^ n K)(C P «exp(*/p n ) - 

m£Z m£Z 

One has the following commutative diagrams 

Bjft, A-„[[t]] B^ 1 X n+1 [M1 



| Tr if n+1 /K„ 



B^- 1 X n+1 [[i]] Bg> *„[[*]]■ 

where can : if n [[t]] ^ K n+1 [[t]] is the canonical injection and -Tr Kn+1 / Kn is defined 
by 

j oo oo ^ 

-Tr^ n+l/i , n : X n+1 [[*]] Jf B [[f]] : E ^ ^ E "^W^KO*™ 

" m=0 ro=0 " 

Definition 2.1. We say that D is a (</?, rV)-module over B^ igX if 

(1) D is a finite free Bj igA - module, 

(2) D is equipped with a (/9-semi-linear map ip : D ^ D such that the lineariza- 
tion map ip*(D) := Bj- x (g) B t D ^ D : a®x ^ aip(x) is isomorphism, 

o) y'l rig, if 

(3) -D is equipped with a continuous semi-linear action of Y K which commutes 
with ip, 

where semi-linear means that ip(ax) = if(a)<f(x) and j(ax) = 7(0)7(2;) for any 
a e B ri g ,^' x e D and 7 G rii "- 
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Let D be a (if, IV)-module over &l igK - For each k, we denote by -D(fc) := 
D <8>Qp Qp(fe) the fc-th Tate twist of -D. For each finite extension L of K, the 
restriction _D| L of D to L, which is a (<£>, r i )-module over Bj. L , is defined by 



D| r := B; igii ® B t -D 

rig, if 



and the actions of </? and Tl(C r^) are defined by ip(a <g> x) := ip(a) <g> ip(x),j(a 
x) := 
Dhy 



x ) := 7(a) ® 7(2;) for any a G B^ ig L , x E D and 7 G r L . We define the dual D v of 



D v :=Hom B t (ABl^) 

and, for any / G -D v and 7 G IV, 7(7) G £> v is defined by j(f)(x) := 7(/(7~ 1 x)) 
for any x G £>, andy?(/) G D w is defined by </?(/) (Y,T=i a iV{%i)) '■= YT=i a ^U{ x i)) 
for any x = YnLi a i<P( x i) 6 D (a< G B^^,^ G £>). Let Di,Z> 2 be ((f,T K )- 
modules over B^ igX . We define the tensor product D x <g) D 2 by 

D x <g> D 2 := D 1 <g t £> 2 

as a B^^-module with <p and acting diagonally. Let D be a rx)-module 
over B^ igK of rank d. By Theorem 1.3.3 of |Ber08b] . there exists a n(D) ^ n(K) 

and there exists a unique finite free B^^'-submodule c D of rank d 

which satisfies 

(1) Bl igtK ® tlPB(D) = -D, 

rig, if 

(2) if we put flW := <8> t,r n(D) L>( n ( D » for each n ^ 71(D), then p{D^) C 

B rig,if 

L>(™ +1 ) and the natural map Bj;^ 1 <g> £)(«+!) : a ®x ^ a^(x) 

is isomorphism for any n ^ n(D). 

Uniqueness of D^ n ' implies that is preserved by r^-action for any n ^ n(D). 

Using D^ n \ we define D^ if (D) and Ddif(-D) as follows. For each n ^ n(D), we 
put 

D+ fin (D) := K n [[t]} ® Bt , £>W (resp. D dif>n (D) := K n ((t)) ® Kn[[t]] D+ ,„(!>)), 

which is a finite free (resp.i^ n ((t)))-module of rank d with a semi-linear 

r^-action. Define a transition map 

D+ |B (D) D+ fi „ +1 (L») : f(t) ®x^ /(f) ® ip(x), 

and define a map D dif n (D) <^-> D dif n+1 (D) in the same way. Using these transition 
maps, we define 

D+ (£>) := limD+ f n (D) (resp. D dif (L>) := limD dif>n (D)), 

n n 
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this is a free #«,[[*]] := U™ =1 K n [[t}} (resp. #«,((*)) := U^ =1 if n ((t)))-module of 
rank d with a semi-linear T^-action. For each n ^ n(D), define a canonical T^- 
equivariant injection 

i n : D+ f(ft (D) : a; ^ 1 ® x. 

2.2. cohomologies of (<p, r)-modules. In this subsection, we recall the defini- 
tions of some cohomology theories associated to {ip, r)-modules and the funda- 
mental properties of them proved by Liu ([LiQBj)- 

Let Ak C be the p-torsion subgroup of V k which is trivial if p 7^ 2 and 
at largest cyclic of order two if p — 2. Choose 7^ £ T K whose image in Y K / A K 
is a topological generator (this choice of A K is useful for explicit formulas, but if 
desired one can reformulate everything to eliminate this choice). 

For a A^-module M, we put M Ak := {x £ M\j'{x) = x for all 7' £ A K }. For 
a Z[Fii-]-module M, we define a complex C* (M) concentrated in degree [0, 1] by 

c; k (m) : [M Ak M Ak }. 

For a Z[IV]-module M with a (^-action which commutes with the action of IV, 
we define a complex C* (M) concentrated in degree [0,2] by 

C' i7K (M) : [M Ak ^ M Ak © M Ak % M Ak \ 

with di(x) := ((7* - {if - l)x) and d 2 (x, y) := (<p - l)a; - (7* - l)y. 

Let D be a (</?, r K )-module over B]- K . We put D[l/t] := B\- K [l/t\ <g> B t D. 
For each g £ Z^> , we define 

EP(Jr,£>) := H«(C; 7K p)), H«(/f, D[l/t])) := W {C^ K {D[1 / 1])) 

and 

H^D^D)) := ^(^(D+^D))), W{K,T> m {D)) := H^(C^(D dif (£»))). 

These definitions are independent of the choice of 7^. Namely, if 7^ £ V k is 
another one such that the image in Tk/Ak is a topological generator, then we 
have i £ Zpffr^/A^]] and have the canonical isomorphism 

mCl, lK {D))^W{C^ K {D)) 
given by the map which is induced by the following map of complexes 



id 



C'. {D) :\D A « D A «®D A « — D 



1K~ 



where we note that the Z p d~V/Ax]-module structure on Z) Aif uniquely extends to 
a continuous ^[[r^/A^j-module structure. 
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For (</?, r^)-modules Di,D 2 over Bj igX , we can define a cup product paring 
U : H 91 (K, Di) x n 92 ^, D 2 ) ->• E qi+q2 (K,D 1 ® D 2 ). 

See § 2.1 of |Li08j for the definition. When (g 1; q 2 ) = (0, 1), (1, 1), the paring U are 
defined by 

E°(K, DO x H 1 (if, D 2 ) -> E\K, D, ® D 2 ) : (a, [x, y]) H> [a ® x, a ® y], 

H 1 ^, -Di) x H 1 (K, D 2 ) — > H 2 (if, Dx®D 2 ) : ([x, y], [x', y']) m- [y<8)^(x') -z<8> 7 (y')]- 

The following theorem was proved by Liu ( |Li08j ) by reducing to the results of 
Herr ( [Her98j . |Her01j ) in the etale case. 

Theorem 2.2. Let D be a ((p, Tjc) -module over 

B li g ,K- ThenR q {K,D) satisfies 

the following; 

(0) W(K,D) = if q^ 0,1,2, 

(1) for any q, H q (K, D) is a finite dimensional Q p -vector space, 

(2) EU(-l) 9 &™® P K q (K,D) = —\K : Q p ]rank(£>), 

(3) we have a canonical isomorphism f tT : H 2 (K, BJ iglf (l)) —> Q p and the 
following pairing <, > is perfect for each q = 0, 1, 2, 

<,>: R q (K,D)xE 2 - q (K,D^l)) ^ E 2 {K,D®D\l)) ^ E 2 (K, Bj igX (l)) H 

where ev : B. 2 (K, D <g) -D v (l)) H 2 (if, B^ ig x (l)) zs £/ie map induced by the eval- 
uation map D <g) -D v (l) ->■ B 1 t ig X (l) : x <8> (/ <g> ei) h-> /(x) <8> ei. 

Proo/. See Theorem 0.2 of [LT08] □ 

Remark 2.3. We remark that Liu proved the existence of functorial comparison 
isomorphisms H q (K,V) —> H q (K, D(V)) for all the p-adic representations V of 
Gk- Then, the isomorphism f tT is defined as the composition of the inverse of the 
comparison isomorphism B. 2 (K, Q p (l)) ^ R 2 (K, D(Q P (1))) = R 2 (K, Bj ig>x (l)) 

with Tate's trace / t ' r : ¥L 2 (K, Q p (l)) ^> Q p . In this article, we normalize the 
isomorphism / t ' r : H 2 (if, Q(l)) —> Q p such that Tate's paring 

<,>: H^Q^Q^l)) x H^Q^Qp) 4 H 2 (Q P ,Q P (1)) h Q p 

satisfies that < k(o),t >= r(recQ p (a)) for any a G Q p and r G Hom(GQ^,Q p ) = 
HHQp, Q P ), where K : Qp ->■ Hl (Q p , Q P (1)) is the Kummer map and rec Qp : Q* 
Gq^ is the reciprocity map of local class field theory. 

It is important to define the cohomology H q (K, D) using if) instead of (p, which 
we recall below. We define a complex CI (D) concentrated in degree [0,2] by 

c; tlK (D) : [D Ak % D Ak © D Ak % D Ak ] 
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with d' x {x) := ((jk — l)x, (ip — l)x) and d' 2 (x, y) := (tp — l)x — (j K — l)y. We define 
a surjective map C' (D) — > (D) of complexes by 

C' 9tlK {D) :[D A * £> A *®£> A * D Aa "] 



id 



ide(-^) 



C; !7K (D) :[L> A * D A x®D A « D A «}. 

The kernel of this map is the complex [0^0© D Ak ^=° mi " ,K ' 1 \ D A K ,^=o^ 
Concerning this complex, we have the following theorem. 

Theorem 2.4. The map D Ak '^ =0 — — h D Ak, ^ =0 is isomorphism. In particular, 
the map C* >JK (D) — >• (D) defined above is quasi isomorphism. 

Proof. For example, see Lemma 2.4 of |Li08j in the etale case and see Theorem 2.6 
of |Pol2b] for general case. □ 

Next, we recall the definition of crystalline or de Rham (ip, r)-modules. 

Definition 2.5. For a (ip, r^)-module D over &l igK , we define 

D^P) := D[l/tf«=\ D* (L>) := n w (D) T *=\ 

We define a decreasing filtration on D^(D) by 

FiTD&(£>) := Df R (L>) n f D+ (£>) C D dif (D) 

for i£Z. 

Using cohomologies which we defined above, we have equalities 

Df R (£>) = H°(tf, D dif (£>)), Fil°Df R (L>) = H°(tf, D+ (£>)), 

and 

D^r^H^^l/*]). 
As in the case of p-adic Galois representations of G^-, we have inequalities 
dim^D^D) ^ dim K Df R (L>) ^ rankD. 

Definition 2.6. Let D be a (</?, r^-)-module over B^ igi ^. We say that -D is crys- 
talline (resp. de Rham) if an equality dimx D^ ys (D) = rank(D) (resp. dimxD| R (.D) 
rank(Z))) holds. We say that D is potentially crystalline if there exists a finite ex- 
tension L of K such that D|i is crystalline (ip, r L )-module over B^ igL . 

Definition 2.7. Let D be a de Rham (<p, rx)-module over B^ ig K . We call the set 
{h G Z|Fir /l Df R ( J D)/Fir /l+1 Df R ( J D) ^ 0} the Hodge-Tate weights of D. 
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If D is crystalline then D is also de Rham by the above inequalities. Because 
potentially de Rham implies de Rham by Hilbert 90, if D is potentially crystalline, 
then D is de Rham. If D is potentially crystalline such that D\ L is crystalline 
for a finite Galois extension L of K, then D^ rys (D) : = D^ rys (D|x,) is naturally 
equipped with actions of tp and of Gal(L/K) and we have a natural isomorphism 
L © Lo D c L rys (£>) ^ D£ R (£>) = L © x D* (£>), i.e. D c L rys (L>) is naturally equipped 
with a structure of filtered (</?, Gal(L/X))-module. 

2.3. Bloch-Kato's exponential map for (</?, r)-modules. This subsection is 
the main part of this section. We define a map exp KD : D^ R (D) — > ^(K, D), 
which is the (</?, r)-module analogue of Bloch-Kato's exponential map. 

The following is the main theorem of this section, which is the (</?, r)-module 
analogue of the long exact sequence, for a p-adic representation V of Gk, 

->■ H°(X, V) ->■ H°(X, B e © Qp V) © H°(K, B+ R © Qp V) -> H°(K, B dR © Qp V) 

^> H 1 ^, V) ->■ H 1 ^, B e © Qp V) © H 1 ^, B+ R ® Qp V) -> H 1 ^, BdR © Qp V) 

^> H 2 (iT,\/) ^H 2 (ir,B e © Qp \/) ->0 

which is obtained by taking the cohomology long exact sequence associated to the 
Bloch-Kato's fundamental short exact sequence 

->■ V ->■ B e ©Q p V © B+ R © Qp F ->■ BdR ©Q p V ->■ 0. 

See § 2.5 for the comparison of the above exact sequence with the below exact 
sequence. 

Theorem 2.8. Let D be a ((f,T 'k) -module over ~B\- lgK . Then there exists a canon- 
ical functorial long exact sequence 

^H°(^, D) H°(X, D[l/t\) © R°(K, D+ f (L>)) H°(tf , D dif (L>)) 
^H 1 ^,/)) H^Dfl/i]) ©H^^D+fp)) H 1 (iT,D dif ( J D)) 
^E 2 (K, D) -)• H 2 (^, D[l/*]) ->■ 0. 

Proof. To construct this exact sequence, we need to define some more complexes. 
For each n ^ n(D), we define a complex with degree in [0, 2] 

C* (£> (n) ) : \(D i - n) )^ K ^ (D {n) )^ K © [D {n+l) ) AK % (_D(" +1 )) A ^] 

with di(x) := ((jk — l) x , (f — l)^) an d ^((X u)) '■= (v 9 ~~ l) x — {lK — ^)y- Define 
C' JK [1/*]) in the same way. We also define C7* 7jf (D+ if n (D)) with degree in 
[0.2] by 

[n D d + lf , m ^) AK ^n D dif, m (^) AK © n D d + f , m p) A ^ n d^)^ 
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with 
and 

Define (7^(D dif) „(L>)) = U^o^^D+^jD)). We first prove the following 
lemma. 

Lemma 2.9. Let D be a (<p, Tk) -module over T$l igK . The following sequence is 
exact for any n ^ n(D) 

(D^) Ak A- (2?W[l/t]) A *©IJ D+ >m (I>) A * A U^ ^^W^))** 

w/iere := (ac, (t m (z))m^n) and / 2 (ac, (w m ) m ^n) := (hn{x) - y m )m^n- 

Proof. Because the functor M h-> M Ax is exact for Q[A^-]-modules, it suffices to 
show that the sequence 

-> flW 4 DW[l/i] © n D if,™(^) A U fc ,o^ J] D dif, m (^) 
is exact. 

That f\ is injective and that / 2 o /i = are trivial by definition. 
If (x, (y m )m^n) G Ker(/ 2 ), then we have t m (ar) = y m G Dj" if m (D) for any m > 
n. Hence we have x G by Proposition 1.2.2 of [Ber08bj and so we have 

0, (y m )m^n) = fl(x) G Im(/i). 

Finally, we prove that f 2 is surjective. Because we have D^[l/t] = U^jiD^', 
it suffices to show that the natural map 

Tk Din) n ^ D ^ m (^)/ D dif, m (^) : * * ra^ 

is surjective for any fc ^ 1. Moreover, twisting by it suffices to show that the 
map 

DW J] D+ fim ( J D)/t fc D+ f m ( J D) : S ^ (U^)) m ^ 

is surjective for any k ^ 1. By induction and by devissage, it suffices to show 
that this map is surjective for k = 1. Let {ej}f =1 be a basis of D such that 
£>(*) = BV^ex © • • • © B^>e d for any n ^ n(£>). Then K(e~)}ii is a # m - 
basis of D Se n,m(-D) := H\ f , m (D)/tD^ m (D) for any m ^ ra by Lemma 4.9 of 
|Ber02|. Hence, for any (y m ) m ^ n G EL^n D Sen,m(-D), there exist a mA e K m (m ^ 
n,l ^ i ^ d) such that y m = Ylt=i a m,i^m{^i) for any m ^ n. Because the 
natural map BV^/i — >■ Y\_ m > n K m '■ x (-)■ {L m (x)) m ^ n is isomorphism, there exists 

{ai}i^i^ d C B^-g™^ such that i m (aj) = ct m ,j for any m ^ n and z. Then we have 
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tm(X)i=i a i e i) = Vm f° r an y m = n - This proves the surjection of /2, hence proves 
the lemma. 

□ 

It is easy to see that the maps f\, f 2 commute with the differentials of C' K (— ). 
Hence, for each n ^ n(D), we obtain the following short exact sequence of com- 
plexes 

o c; 7k (dW) 4 c; 7K (£> (n) [iA])ec; 7K (D+ f;n (L>)) 4 c; 7Jf (D dif , n (L>)) o. 

We define a transition map 
which is induced by the map 

n D dif,j^ n D dif 

m^n mS:rt+l 

We similarly define (7* )7K (D dif)n ) ->• (7* )7K (D dif)n+ i (£))). Taking the inductive 
limit with respect to n ^ n(D), we obtain the following short exact sequence of 
complexes 

-X C; 7K (£>) CJ >7jr (D[l/t])©li^C; 7jr (D+ in (D)) -> hmC; 7jf (D^^D)) 

n n 

because we have lim^ C^P^) ^> C*, 7Jf (^>i) for £>i = Z>,.D[1/*]. Taking the 
cohomology long exact sequence, we obtain the following long exact sequence 

H°(^,£>) H°(A:,D[l/t]) ©H°(1^ b <% >7k (D+ >B (£>))) H°(lin^ n C^(D dif , n (L>))) 

^> R\K,D) H^^Dfl/t]) ©HHlnn n C; 7x (D d + ifin ( J D))) H 1 ^ ^, 7x (D dif , n (L>))) 

^> H 2 (K,D) H 2 (K,D[l/t]) ©H 2 (lnn n C; 7if (D d + lfin (D))) H 2 (lin^ n C^(D dif>n (D))) 
->■ 0. 

Next, for D^ n (D) = n (D), D difjn (D), define a map of complexes 

by 

<4(DS£,(I>)) Cj >7JC (D$g B (£>)) : x h. (* m )^ n where x m := x (m £ n), 

C^^UD)) Cj >7Jr (Djg n (D)) : x H- ((x m ) m ^,0) where x m := x (m £ n). 

It is easy to check that the map C* (D^ n (D)) — > C' K (D^ n (D)) is quasi iso- 
morphism. Because we have C* K (T)^ (D)) = lim^ C' K (D^ n (D)), we obtain an 
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isomorphism 

E*(K,D&\D)) ^ H^(limC; 7K (Dg n P))). 

n 

Combining the above isomorphisms and the above long exact sequence, we ob- 
tain the following desired long exact sequence 

-»• E°(K, D) -> E°(K, D[l/t\) © n°(K, D+ if (L>)) -> H (*T, D dif (D)) 
^> H 1 ^,/)) -> E\K,D[l/t\) ©H^^D+f^)) -> H^^Ddifp)) 
^> H 2 (if, D) ->• H 2 (if, D[l/t]) 0. 

The functoriality of this exact sequence is trivial by construction. This finishes 
the proof of the theorem. 

□ 

Definition 2.10. Let D be a (ip, rx)-module over B^ igX . Then we define a map 

exp K!D :T>« R (D)^K\K,D) 

as the connecting map 8 1>D : Df R (D) = H°(A", D dif (D)) -> H 1 ^,^) of the long 
exact sequence of Theorem 12 .81 We call exp^ D the exponential map of D. 

Remark 2.11. By definition, we have exp K D (Fil°D d R(Z))) = 0. Hence exp K D 
induces a map 

exp^ : Df R p)/Fil°Df R (L>) -> H 1 ^, D). 

To study the map exp K D , it is useful to define exp KD in a more explicit way. The 
following lemma gives explicit definitions of exp^ D and 82^ '■ ^(K, D^-D)) — >■ 

Lemma 2.12. (1) Let x be an element o/D dR (£)). Tafce an n ^ n.(D) suc/i 
i/iai x G D difjn (D) and take an x G (D^[l/t]) AK such that t m (x) — x G 
D^ if m (D) for any m ^ n (such an x exists by Lemma \2.9\) . Then we have 

exp KtD (x) = [( lK - l)x, (<p - 1)5] G R\K,D). 

(2) Let [x] be an element of H 1 (K, D dif (£>)). Lei x G D difjn (Z>) A * 6e a 0/ 
fx] for some n > n(D). Take anx<E (D^[l/t}) AK such that i m (x) — x G 
Dj ifm (Z?) /or any m ^ n fsnca an x exists by Lemma \2.9\) . Then we have 

5 2 , D ([x]) = [( ( p-l)x\eH 2 (K,D). 

Proof. These formulae directly follow from the proof of the above theorem and the 
construction of the snake lemma. 

□ 
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2.4. dual exponential map. In this subsection, when D is de Rham, we define a 
map exp*^ ovm '■ H 1 (if, D) — > Fi^D^D), which we call the dual exponential map 
of D. Then, we prove that the map exp* KD : H^if, -D v (l)) -»■ Fil°Df R (D v (l)) is 
the adjoint of the map exp KD : Df R ( J D)/Fil°Df R (D) R\K,D). 

Before defining exp^-^v^), we prove some preliminary lemmas. Let D\,D 2 be 

(if, r^)-modules over Bj ig K . We define a paring 

U dif : H^^DdifpO) x H 1 (iT,D dif ( J D 2 )) -> H X (K, D d if(-Di <g) D 2 )) 

by x U dif [y] := [x <g> y] for any x E R°{K, D dif (D 1 )) and [y] E R\K, B dii (D 2 )). 

Lemma 2.13. The following two diagrams are commutative; 

H (K,Ddif( J Di))xH 1 (^,D d if( J D 2 )) R 1 (K } T> dii (D 1 ®D 2 )) 



ex PK,D 1 



[x,y\^>[i n {x]\ 



^2,D 1 <g>D 2 



n 2 (K, D x <g> D 2 ) 



H 1 {K,D 1 ) x R\K,D 2 ) — U 
H (ir,Ddifpi))xH 1 (ir,Ddif( J D 2 )) H 1 (K,D dif (D 1 ® J D 2 )) 



ai-H n (a) 



R°(K 1 D 1 ) x H 2 (K,D 2 ) 
In other words, we have equalities 



H 2 (iT, D x ®D 2 ). 



52,d 1 ^d 2 (z U dif [tn(x)]) = exp KjDl (z) U [x,y] 



and 



h,D x ®D 2 {in{a) U d if [b]) = all 5 2 ,D 2 ([b]) 
for any zE R°(K, D dif (A)), [x,y] G H 1 ^, D 2 ) and a G R°(K,D 1 ), [b] E R\K,B dii (D 2 )). 

Proof. Here, we only prove the commutativity of the first diagram. We can prove 
the commutativity of the second diagram in a similar way. 

Take any z E R°(K, D d if(-Di)) and [x,y] E H 1 (iT, D 2 ). Take n sufficiently large 
such that z E T)dif,n(Di) and x E D% ,y E D 2 +l \ By Lemma 12. 121 (1). if we take 
5 E (D^[l/t]) AK such that t m (z) — z E D dif m (Di) for any m ^ n, then we have 

exPj^O) = \{lK - 1)5, (<p - 1)5]. 

Hence we have 

ex Px,D! ( z ) u [x, y] = [{lK - 1)5, {(p - 1)5] U [x, y] 

= [{cp - 1)5 <g> ^(ar) - {Ik ~ 1)5 ® j K (y)) G R 2 (K, D 1 ® D 2 ). 

On the other hand, under the natural quasi-isomorphism C* (T>^£ >n (D)) — > 
C* (Ddif,n(-D)) which is defined in the proof of Theorem l2.8l the element [in (a;)] E 
H 1 '^, D dif ' n (L> 2 )) is sent to 

[(im yE) JroSn , (^m(l/))m^n+l ]eH 1 ((7; 7K (Ddif >n p 2 ))). 
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Hence, the element z Udif IM^)] G H 1 (K, D difjn (D 1 ® D 2 )) is sent to 

[(z <g> t m (x)) m ^ n: (z <g> t m (y)) m ^ n +i] G H 1 (C'' i7x (D dif>n (D 1 <g> £> 2 )))- 

The element (z®x, z®y) G (Di n) ®Z^ n) [l/t]) A ^ ©(D^®!)^ [l/t]) A « satisfies 
that ((i m (S ® x)) m ^ n , {i m {z ® y)) {y))mZn+l) g 

IW D d if,J^i ® ^2) fUn+i D^JI* ® D *)- Hence, by the definition of the 
boundary map 82,0^02 > we obtain 

52,D 1( g>D 2 (^ U^f Ma;)]) = [(</? - 1)(^ <8) x) - (7^ - 1)(5 <g> y)]. 
Using the equality (y? — l)x = (7^- — l)y, it is easy to show the equality 

(<p - l)z <g> (/?(x) - (7^- - 1)5 <g> 7^(y) = (if - 1)(5 <g> x) - (7^ - l)(z <g> y). 
Hence we obtain the desired equality 

ex PK,Di ( z ) U = 52, Di ®d 2 (^ U dif M^)])- 

□ 

Let D be a de Rham (</?, r^-module over B^ ig K . Then the natural map 

#«,((*)) ®k D* (£>) -+ D dif (L>) : /(*) ® x H- /(Ox 

is isomorphism. We identify K^^t)) ® K T)^ R (D) with D d if(-D) by this isomor- 
phism. Then, it is easy to check that the map 

g D : D* (£>) ^> H 1 ^, B dii (D))(^ ^(C^K^t)) ® K D* (£>)))) 

define by 

D (aO := [log( X ( 7 K))(l ® *)] G H 1 ^ (*«>((*)) ®k D&(D))) 

is isomorphism and is independent of the chose of 7k up to the canonical isomor- 
phism. We note that Df R (B^(l)) = K ■ \e x . 

Lemma 2.14. The following diagram is commutative, 

^(BUl)) /f-Jei J ► # 



B '. „(1) 



H 1 (ir,D dif (B r t igiX (l))) 2 ' B " s ' y(1) ) H 2 (tf, 15^(1)) Q p . 

Proof. Using the trace and the corestriction, it suffices to show the lemma when 
K = Q p . Assume K — Q p . We prove the lemma by comparing the cohomology of 
(</?, r (Qj) )-module B* ig q (1) with the Galois cohomology of the p-adic representation 
Q p (l) of Gq p as follows. Please see § 2.5 for some notations and definitions in the 
proof below. 

20 



Take the element [log(x(7x)), 0] G H 1 (Q p , B^ ^). Then we have 
0nt. n (i)(7 e i) = 7 e i u dif K(log(x(7i^)))] 

rig, Qp V ; J J 



by the definition of go and Udif. Hence, by Lemma [2.13[ we obtain an equality 

<W o (l)^Bt . (l)(f e l)) = 5 2„B\ _ (l)(f e l U dif k(log(x(7x)))]) 

= ex PQ P ,Bt. gjQp (i)(f e l) U [log(x(7^)),0] 
for any a G Q p . Hence, it suffices to show 

/tr(exp Q B t m(~ei)) U [log(x(7if)),0]) = a. 
We note that the comparison isomorphism 

H^Qp, B r f igiQp ) ^> H^Qp, W(Bl igMp )) ^ H^Qp, Q p ) 

(where Q p on the right hand side is the trivial p-adic representation of Gq p ) 
sends [log(x(7)), 0] to the element log(x) G Hom(Gg,Q p ) = H^Q^Qp) defined 
by log(x) : Gq p — > Q p : g r-> log(x(flO)- Hence, by Theorem I2.21[ in particular, 
by the compatibility of exp^^, with exp K W ^ (we remark that we don't use any 
results in this subsection § 2.4 to prove this compatibility), it suffices to show that 
Tate's paring satisfies 

< exp Qp)Qp (^ei),log(x) >= a 

for any a G Q p . Because it is known that n(b) = exp Q q C°t ei ) ^ or an y b £ % p 
(k : Qp — > H 1 (Qp,Qp(l)) is the Kummer map), we obtain 

< exp QpiQp (^ei),log(x) > =< «(6),log(x) > 

= log(6) 



for any b G Z* , where the last equality follows from Remark 12.31 This finishes to 
prove the lemma. 

□ 

Let D be a ((p, r^)-module over B^ ig ^. We define a paring 

<,> dif : R°(K,-D dif (D)) x H^Ddif^l))) ^ E\K, D dif (L> <g> £> v (l))) 



9 



H^^Dd^Bt (1))) Df R (B r t K (l)) 1^ AT. 
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Lemma 2.15. Let D be a (ip,Tx) -module over B^ igX . Then the following dia- 
grams 

H°(K,D dif ( J D))xH 1 (ir,D dif ( J D v (l))) ^> K 



exp K D 



[x,y]h+[in(x)] 



tK/Qp 



<>> 



and 



H 1 ^,/)) x H^Z^l)) 
H°(ir,D dif ( J D))xH 1 (K,D dif ( J D v (l))) 



a;i-H„(a:) 



5. 



2,D V (1) 



Tr 



K/Qj, 



H ^,/)) x H 2 (K,D V (1)) 



<>> 



are commutative. In other words, we have equalities 

< ex P K ,D( z )> i x >y] >= Tt k/Q p (< z, K(x)} >dif) 

and 

< a,S 2;D v {1) ([b\) >= Tr K/Qp (< t n (a), [b] > dif ) 

for any z G ft°(K, D dif (£>)), [x,y] G £> v (l)) and a G H° (if, D dif (£>)), [6] G 

H^Z^l)). 

Proof. This lemma follows from Lemma 12.131 and Lemma 12.141 □ 

Let D be a de Rham (</?, r^)-module over B^ ig K . 
We define a map 

exp^ V(1) :H 1 (K, J D)^Fil Df R ( J D) 

as the composition of the natural map 

K\K,D) -> H^^D+f (D)) H 1 ^, Ddif (-£?)) : ^ [t n (x)] 

(for sufficiently large n) with the inverse of the isomorphism 

^D^^H 1 ^, D^ (£>)). 

Because we have ~D~^(D) = Fil (A' oo ((t)) ®k T>^ r (D)), we can easily see that the 
image of exp* K DV ^ is contained in Fi\°~D^ R (D). As in the case of p-adic Galois 
representations, the map exp|^ D is the adjoint of exp KD in the following sense. 
We define a if-bi-lmear perfect paring [— , — ] d R by 

[-, -] dR : D&(£>) x D*(D V (1)) ^ Df R (B r t igiX (l)) ^ X 

where ev is the natural evaluation map. By the definition of FiP, this paring 
induces a perfect paring 

[-, -] d R : D* p)/Fil°D* (I>) x Fil°D* (L> v (l)) -> K 
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Proposition 2.16. Let D be a de Rham (jp,Tk) -module over R rigK - For any 
x G D£^(Z>)/Fil°Df R (L>) and y G R 1 {K,D V (1)), the following equality holds 

< exp KiD (x),y >= Tr K/Qp {[x, exp KD {y)] dR ). 

Proof. By Lemma 12.151 it suffices to show the equality 

[x,z) d R =< x,g D v {1) (z) > dif 

for any x G H°(A", D dif (D)), z G B°(K, D dif (D v (l))); but this equality is trivial by 
definition. □ 

2.5. comparison with Bloch-Kato's exponential map of 5-pairs. In this 
subsection, we show that the long exact sequence of Theorem 12.81 associated to D 
is isomorphic to the long exact sequence naturally defined from the cohomologies 
of the corresponding 5-pair W(D). In particular, in the etale case, we show that 
the sequence of Theorem 12 .81 is isomorphic to the long exact sequence induced from 
the Bloch-Kato's fundamental short exact sequence. 

We first recall the definition of 5-pairs and the definition of the functor from the 
category of (<p, r)-modules to the category of 5-pairs which induces an equivalence 
between these categories, see |Ber08aj for more details. 

The following definition is due to Berger ([Bcr08aJ). 

Definition 2.17. We say that a pair W := (W e , W£ R ) is a I?-pair of G K if 

(1) W e is a finite free B e -module with a continuous semi-linear G^-action. 

(2) W^~ R is a G^-stable finite B^-submodule of : = B dR Cg> Be which 
generates W^r as B dR -module, 

where semi-linear means that g(ax) = g(a)g(x) for any a G B e , x G W e and 
g g G K . 

Remark 2.18. Let V be a p-adic representation of Gk- We define a S-pair 

W(V) := (B e ® Qp V,B+ R ® Qp V). 
By Bloch-Kato's fundamental short exact sequence ( [BK90] ) 

Q P B e 0B+ R B dR 0, 

we can easily see that this functor V h-> is fully faithful, hence we can view 

the category of p-adic representations of Gk as a full subcategory of the category 
of .B-pairs of Gk- 

By the theorems of Fontaine, Cherbonnier-Colmez and Kedlaya, the category of 
p-adic representations of Gk is equivalent to the category of etale (</?, T^-modules 
over Bj ig i ^. Berger extended this categorical equivalence to the equivalence be- 
tween the category of £>-pairs of Gk with that of (if, r^)-modules over B^ igK , 
which we recall below. 
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We first note that we have a (if, G/f )-equivariant canonical injection B^ ig K °-» 

Bj ig . Let D be a (tp, r^)-module over B\ igK of rank d. For each n ^ n(D), we 
define 

W e (DW) := (B^Ml/i] ® B t,,„ D (f!) )" =1 . 
Since we have an isomorphism 

B IiT ®c B t- D(n) ^ D(n+1) --a®x^ aip(x) 
and the map (p : Bj- g n — > Bj- g n+1 is isomorphism, we obtain a natural isomorphism 



% St,rn+i ^ CR t,r " +1 (5a * nWl ^W^M pK +1 D („+i) 

-> « rig ( * > B t .' r "+ 1 ^ti&JC ^.B^ ^ ) ► "^rig ^ B t .' r "+ 1 ^ 

i.e. the map 

p : Bj£* ® B t,, n £ {n) -»- B r t £" +1 ®_t,r B+1 £ (n+1) : a ® x H- p(a) ® 
is isomorphism. Hence, we obtain the following diagram 

► W e (L>W) ► B^»[l/t]® Bt ,n. £ (n) B^ +1 [l/t] « w+1 Z^ +1 ) 

rig, if to rig, if 



► W / e (-D^ n+1) ) ► B^" +1 [lA]® Rt ^ +1 £> (ri+1) B^ +2 [lA]«,, %+2 5("+ 2 ). 



b . n i n s , 

rig,K rig,_K 



with exact rows. Hence, the map 

<p : W e {D {n) ) ^ W e (D {n+1) ) 
is also isomorphism. We define 

W e (D) := W e (D™) 

for any n ^ n(D). Using the isomorphism <p : W e (D^) ^ W e (D^ n+ ^), W e (D) 
does not depend on the choice of n. One has that W e (D) is a finite free B e -module 
of rank d and the natural map 

B^ n [lA] ®B e W e {pM) ->• B r Wl/t] g) Bt>rn D (n) :a®mai 

5 6 rig,K 

is isomorphism by Proposition 2.2.6 of |Ber08aj . Put 

W dR (D) := B dR g) Be W e (L>). 
Using the isomorphism above, we obtain an isomorphism 

H/dRp) ^ B dR ® Be W e (DW) ^> B dR ® tn>B t, r [1/t] (BV»[l/t] ® Be W e (I?W)) 

^> BdR ® t „,Bt r n [aA] (B^tVt] D(n) ) ^ B ^ ® t „,Bt,-„ . 
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We define a Bj R -submodule 

W^(D) := B+ R ® w !><»> 

of W<m(D). Using the isomorphism 

B dR ®, Rt,-n £> (n) -4 B+ <g> n t,r n+1 £> (n+1) : a ® x ^ a g> ^(z), 

^^(D) also does not depend on the choice of n. Hence, we obtain a £>-pair 

W(D):=(W e (D),W+ K (D)). 

The main theorem of [Ber08aj is the following. 

Theorem 2.19. The functor D y W(D) is exact and gives an equivalence of 
categories between the category of (ip>,T K ) -modules over~Bl igK and the category of 
B-pairs of Gk- Moreover, if we restrict this functor to etale (ip, IV) -modules, this 
gives an equivalence of categories between the category of etale (ip, IV) -modules 
over B^ igX and the category ofp-adic representations ofGjc- 

Proof. This is Theorem 2.2.7 and Proposition 2.2.9 of [Ber08aj . □ 

Remark 2.20. The inverse functor D(-) of W(— ) is defined as follows, see § 2 
of [Ber08a] for the proof. Let W = (W e , W^ R ) be a £?-pair of G K of rank d. For 
each n ^ 1, we first define 

D<ri{W) :={xe B£ n [l/t] ® Be W e \i m (x) G W+ R for any m ^ n). 

Berger showed that D(W) := lirn D^ n \W) is a finite free Bj ig - module of rank 
d with GV)-action. Then, D{W) is defined as the unique (<p, r^)-submodule 
D(W) C D(W) Ker ^ over BL K such that B r f . ® B t D(W) 4 D(W). 

Next, we recall the definition of Galois cohomology of -B-pairs, see § 2 of [Na09j 
and the appendix of jNalQ] for details. For a continuous GV-module M and for 
each q ^ 0, we denote by 

C q (G K , M) := {c :Gk 9 ->M continuous map} 

the set of q continuous cochains (when q = 0, we define G^P := {one point}). As 
usual, we define the map 

5 q :C«{G K ,M)^C« +l (G K ,M) 

by 

$j(c)(0i,02,--" ,9 q +i) -=9ic{g2,--- ,g g+ i) + (-l) q+1 c(g u g 2 ,--- ,g q ) 

q 

+ y](-l)'c(ffi, • • ■ , s- s -i, g s g s+ i,g s+2 , ■ ■ ■ , g q +i) 

s=l 

2:> 



and define the continuous cochain complex concentrated in degree [0, +00) by 
C'(G K ,M) := [C°(G K ,M) *V C\G K ,M) *>•••]. 

We define 

R q (K,M) :=E"(C'{G K ,M)). 
For a I?-pair W := (W e , W^ R ), we denote by 

C'(G K , W) := Cone(C"(G^, W e )®C'(G K , W+ R ) ^ c ^ c ^ C '(G K , W dR ))[-l] 
the degree (— l)-shift of the mapping cone of the map of complexes 

C'(G K , W e ) © C'(G K , W+) -> C'(G K , W dR ) : (ce, c dR ) m- c e - c dR . 
We define 

H 9 (K, :=H 9 (C'(G^,^)). 
By the definition of mapping cone, we have the following long exact sequence. 

^H°(K, W) -> H°(K, W e ) © H°(K, W+ R ) -> H°(K, W dR ) 
^H 1 ^, W) -> H 1 (K, W e ) © H 1 ^, W+ R ) -> E\K, W dR ) 

^R 2 (K,W) -> H 2 (K,Wg -> 0, 

where the vanishings of H g (g, W + R ), H 9 (AT, W dR ), H g+1 (AT, W) and R q+1 (K,W e ) 
for any g ^ 2 are proved in |Nal0j . 
We define 

Df R (W) :=H°(ir,^ dR ), 

and we define 

ex PKW := 5 hW : Df R (W) H 1 (K, W) 

as the first boundary map of the above exact sequence. 
When W = W(V), since we have a short exact sequence 

->■ V -> B e © Qp V © B+ R © Qp 1/ -> B dR ® Qp V ->■ 

by Bloch-Kato, we have a canonical quasi-isomorphism 

This quasi-isomorphism gives an isomorphism 

H 9 (if, 1/) ^> K q (K, W{V)) 

for each g. By this isomorphism, the above exact sequence for W = W(V) is equal 
to the exact sequence 

->R°(K, V) E°(K, B e © Qp 1/) © H°(tf, B+ R © Qp V) -> H°(tf, B dR © Qp 7) 
^H 1 ^, 7) H 1 ^, B e © Qp 7) © H 1 ^, B+ R © Qp 7) H 1 ^, B dR © Qp 7) 
^>H 2 (K, 7) ->• H 2 (K, B e © Qp 7) ->• 0, 
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obtained from Bloch-Kato's fundamental short exact sequence. 
The main result of this subsection is the following. 

Theorem 2.21. Let D be a (if, IV) -module over B^ igX . For each q ^ ; there 
exist the following functorial isomorphisms 

(1) W(K,D) ^W(K,W(D)), 

(2) W(K,D[l/t]) ^H«(K,W e (D)), 

(3) H«(jr,D+ (D)) ^ H^IT, W&p)), 

(4) H*(K,D dif p)) ^ W(K, W dR (D)). 

Moreover, these isomorphisms give an isomorphism between the exact sequence 
associated to D in Theorem \2. 8\ and that associated to W(D) defined above. 

Proof. We proved (1) in Theorem 5.11 of [NalOj . Since we have W d \(D) = 
B dR ®Koo[[t]] Djf(D), then (3) follows Theorem 2.14 of [EbOH] . (4) follows from 
(3) since we have W dR (D) = lim^ o j.W^D) and D dif (£>) = lim^ Q £D+fp). 

We prove (2) using (1). By (1), we have 

W(K,D[l/t])^^W{K,±D)^^E%K,W{±D)). 

n n 

Since we have W(-^D) ^> (W e (D), ^W^D)) for each n ^ 0, we obtain 

^CT(G K7 W^(^D)) =b$C(G K ,^W+ R (D)) = C-(G K ,W dn (D))- 
Hence, we obtain an isomorphism 

K^K\K,W(^D))^R\1^C\G k ,W(Ud))) 

^> H»(Cone(C7 s (G JC> ^P))©C7"(Gjc,Wd R (£>)) ^S^Zf^ ^ dR p)))[-l]). 
Since we have the following short exact sequence of complexes 

C*(GV, W e p)) C*(G*, W e p)) © C*(GV, W / dR (-D)) 

'^'^) ^(GjcWdRp^-yO, 

we obtain a natural isomorphism 

H«(tf,W e p)) 

^ H"(Cone(C-(G^,H/ e ( J D))©C"(G^,H/ dR ( J D)) ^^Z^ C'(G K , WdRp)))[— 1]), 
which proves (2). 

Next, we prove that the isomorphisms (1) to (4) of the theorem give an isomor- 
phism of the corresponding long exact sequences. Since the other commutativities 
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are easy to check, it suffices to show that the following two diagrams are commu- 
tative 



H°(#,D dif (D)) — U R°(K,W dK (D)) 



cxp K D 



ex Pjf,W(D) 



R l (K,B di£ (D)) — U H^^WdRp)) 



! '2,M/(D) 



H 2 (K, D) 

We first prove the commutativity of (i). For simplicity, we assume that Tk has 
a topological generator 7^, the general case can be proved similarly using the argu- 
ment of § 2.1 of [L1O8]. If we denote by Ext 1 (B] ig K ,D) (resp. Ext 1 ((B e , B+ R ), W{D)) 

) the group of extension classes of B^ ig K by D (resp. of the trivial £>-pair (B e , B j" R ) 
by then we have the following canonical isomorphisms 

h D : R\K,D) ^ Ext\Bl igK ,D), h w{D) : R\K,W(D)) ^ Ext 1 ((B e , B+ R ), W{D)) 

by § 2.1 of [Li08] and by § 2.1 of |Na09j . and we have the following commutative 
diagram 



Yi x (K } W{D)) 



I'D 



Ext^B^.D) 



-> Ext 1 ((B e ,B+ R ),^( J D)) 



by Theorem 5.11 of |NalOj . where the isomorphism 

Ext\B^ K ,D) ^ Ext 1 ((B e ,B+ R ),W( J D)) 

is given by 

[0 Bl ig)K -> D' D -> 0] M- [0 (B e , B+ R ) -> W(£>') -> ^(D) -> 0], 

i.e. given by applying the functor W / (— ). 

Let a G H°(if, D dif (D)) = D dif ( J D)^= 1 ^> H (K, W dR p)). By the above dia- 
gram, it suffices to show that the functor W{— ) sends the extension corresponding 
to exp KD (a) to the extension corresponding to exp K W ^ D )(a). 

Take n sufficiently large such that a e Ddif in (-D) 7if=1 . By (1) of Lemma 12.121 
and by the definition of the isomorphism H 1 (ii', D) —> Ext 1 (B^ ig K , D), if we take 
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a G D^ n '[l/t] such that L m (a) — a G D^ i{m (D) for any m ^ n, the extension .D a 
corresponding to exp K D (a) is explicitly defined by 

|0 -» D z> ® Bl, g . A .e b^, -» 0] 

such that 

¥>((z>2/e)) := (¥>0&)+¥>(2/)(7k— v(y)e), 7#((a;,?/e)) := (7 X (x)+7 K (?/)(y?-l)a, J K (y)e) 

for any (x, ye) E D ® B\ ig K e. 

On the other hands, the extension 

W a := (W e , a := W e (D) © B e e crys , W^, := W+ R (D) © B+ R e dR ) 

corresponding to exp KW , D ^(a) is defined by 

g(x + ye cvys ) := g{x) + g(y)e CIys , g(x' + y'e dR ) := g(x f ) + g(y')e dR 

for any g G Gr-, a; G W e (Z?), x' G H^(-D), y G B e , j/' G B~[" R and the inclusion 

W dR,a ^ B dR ®B e ^e,a = W dR (D) © B dR e crys 

is defined by 

x + ye dR ^ (x + ya) + ye crys (x G W^(D), y G B+ R ). 

Let's show that D(W a ) — > -D a as an extension. By the definition of a, we can 
easily check that D^ n \W a ) defined in Remark 12.201 is isomorphic to 

B>" <g> t , r „ © Bg"(e crys + 5) C B^[l/t] © Be ^ e , a 

and that -D(W a ) contains a (</?, r^-module -D©Bj ig x (e crys +a) over B^ ig K , which is 
easily seen to be isomorphic to D a , hence finishing the proof of the commutativity 
of (i). 

Finally, we prove the commutativity of (ii). By Lemma [2.151 (we note that we 
can show the .B-pairs analogue of Lemma 12. 151 in the same way), it suffices to show 
the following diagram is commutative 

(ii)' 

H (K,D dif OD v (l))) R°(K,W dR (D^l))) 

B°(K,D V (1)) — R°(K,W(D V (1))), 

but the commutativity of this diagram is trivial. We finish the proof of the theorem. 

□ 
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3. Perrin-Riou's big exponential map for de Rham (<f, r)- MODULES 

This section is the main part of this article. For any de Rham (ip, r)-module 
D, we construct a system of maps {Exp D /l }/ l >o, which we call big exponential 
maps, and prove their important properties, i.e their interpolation formulae and 
the theorem 6(D). First two subsection is for preliminary. In §3.1, we recall 
Pottharst's theory of the analytic Iwasawa cohomologies ( [Pol2b] ). In §3.2, we 
recall Berger's construction of p-adic differential equations associated to de Rham 
(<£>, r)-modules ( [B er02j . [Ber08bj ). The next two subsection is the main part of 
this article. In §3.3, we define the maps {Exp D h }h^>o an d prove their interpolation 
formulae. In §3.4, we formulate and prove the theorem 6(D). In the final subsection 
§3.5, we compare our big exponential maps and our theorem 5(D) with Perrin- 
Riou's or Pottharst's ones in the crystalline case. 

3.1. analytic Iwasawa cohomology. In this subsection, we recall the results of 
Pottharst concerning analytic Iwasawa cohomologies of (ip, r)-modules over the 
Robba ring QPol2bj ) . 

Let A := Zp[[rV]] := ty m n \^i</^K n } be the Iwasawa algebra of Tk- If we 
decompose Tk by Tk — > r# jt or x r^free, where T^tor Q Tk is the torsion sub- 
group of and Tx.free = PI x _1 (l + 2pZ p ) , then we have an isomorphism 
A -4 Z p [T K ,tor} ®z p ^[[r^free]]- If we take a topological generator 7 G r X)free , 
then we also have a Z p [IV )t or] -algebra isomorphism Z p [r^ >t or] ®z v K,hcc\] — > 
Z p [r Kjtor ] ® Zp Z P [[T]] define by 1 ® [7] ^ 1 ® (1 + T). 

Let mC Abe the Jacobson radical of A. For each n ^ 1, we set A n := A[^-] A 
the p-adic completion of A[^-], which is an affinoid algebra over Q p . The natural 
map Af 21 ^— ] —7- A[^] induces a continuous map A n+i — > A n for each n ^ 1. We set 
Aoo : = Uni w A n . If we fix an isomorphism A 4 Z p [r^ t0T ] Z p [[T]] as above, then 
this isomorphism naturally extends to a Qpfr^tor] -algebra isomorphism A^ 
Q P [r^,tor] ®q p B ri g ,Q p > where the rm S B ri g ,Q p is defined by 

00 

B rt g ,Q p : = if(T) = ^a n T n \ a n G Q p and/(T) is convergent on ^ \T\ < 1}. 

n=0 

We remark that the above isomorphism 4 Qp[r^ itor ] ®q p B^q^ also depends 
on the choice of a topological generator 7 and highly non-canonical, and is only 
used to help the reader to understand the structure of Aoo. 

We define A n d~V]-modules A n and A^ by A n = A^ = A n as A n -module and 
7(A) := [7] • A, 7 (A') := [7- 1 ] ■ A' for A G A n , A' G A L n and 7 G r*. 

Let D be a (ip, r#)-module over Bj igE -. For each n ^ 1, we define a (ip,T K )- 
module D®Q p A L n over K ®q p A n as follows (see § 2 of |Pol2b] for more precise 
definition). We define D®q p A^ := D®Q p A n as a Bj ig ^£g)Q p A n -module and define 
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<p(x®\) := <p(x)®\, ^(a;®A) := ip(x)®\ and 7(a;£g>A) := 7(2?)® [7 ! ] ■ A for i 6 
D, A G A n and 7 € IV. 

For each n ^ 1, we define two complexes C* )7if (D<g)Q p A£j and C' i7k (D(8)q p A^) 
and define the natural map of complexes C£ i7k (-D®q p AJJ — > C^ JK (D®Q p A c n ) in 

the same way as those for D. We define R q (K, £><§)q p A{J := H <? (C' 7K (D® Qp A^)), 
which is a A n -module. The natural map A n+1 — > A n induces a natural map 
D® Qp A L n+1 ^JJ® Qp A L n , and this map induces R q (K, D® Qp A' n+1 ) ->- R q (K, D®Q p A L n ). 
Following |Pol2bj . we define the analytic Iwasawa cohomology of D as follows. 

Definition 3.1. Let D be a (<p, r^-module over Bj ig if , q ^ an integer. We 
define the g-th analytic Iwasawa cohomology of D by 

Hl(K,D):=^K«(K,D® Q X), 

n 

which is a Aoo-module. 

Because we have a decomposition Qp[rV )t0 r] = ©,^ g p KtoI < Qp a V' where T^tor is the 
character group of r^tor and a v is the idempotent corresponding to 77, we also have 
Aoo = ©^ e f Ktor ^oo&r] and each AooC^ is non-canonically isomorphic to B^ & q . Let 
M be a Aoo-module. Using this decomposition, we obtain a decomposition M = 
® T)€ f Kt M v , where we define M v := a^M which is a A^a^-module. For a Bj g Q - 
module N, we define N i0I : = {x £ N\ax = for some non zero a 6 B^^}. For 
a Aoo-module M, we define M tor := @ r)€ f Ktoi (M ri ) tor . 

As for the fundamental properties of Hj w (f^, D), Pottharst proved the following 
results, which is a generalization of Perrin-Riou's results ( |Per94j ) in the case of 
p-adic Galois representations. 

Theorem 3.2. Let D be a (<£>, T^) -module over B^ igi ^ of rank d. Then we have 
the following, 

(1) For each n ^ 1 and q ^ ; the natural map 

induces an isomorphism of A n -modules 

W{K, D®^X +l ) ® Kn+1 A n ^ W{K, D® Q X), 

(2) U^K, D) = if 1,2, 

(3) H\ W (K, D) tOT and Hj w (K, D) are finite dimensional Q p -vector spaces, 

(4) H\ W (K, D) /H\ W {K , -D)tor 2s o /inzte /ree A^-module of rank d[K : Q p ]. 

Proof. This is Theorem 2.6 and Proposition 2.9 of [Pol2bj . 

□ 

31 



Let A be a Qp-affinoid algebra, 5 : IV — > A x a continuous homomorphism. 
We define A(5) := Ae$ the free rank one A- module with the base e$ with an A- 
linear Y K action by 7(65) := 5{^)es for 7 G Y K . Then the continuous Qp-algebra 
homomorphism fs : Aoo — > A which is defined by is ([7]) := <^(7)~ 1 for any 7 G Tk 
induces the isomorphism 

D ®®M L oo ®Aoo,/, A) ^ D® Qp A(5) : x®(A ® a) !-»• a;®/ 5 (A)ae 5 

of (y?, r /^-modules over B^ ig ^®Q p y4. This isomorphism induces the canonical 
projection map 

Hl(K, D) H 9 (fT, D(g)Q p (AJ x> ® Aooi/i A)) ^ H^D®^*)). 

For each L = (n ^ 1) or L = K, k G Z and g ^ 0, as a special case of the 
above projection map, we define the canonical map 

pr LMk) :Ul(K,D)^W(L,D(k)) 

as follows. First, define the continuous homomorphism 5l '■ — > Q P [r k /r l] x : 
7 1— > fy] -1 , then for each k G Z, we obtain the projection map 

Hl(K, D) -> rP(AT, -D ® Qp Q p [r x /r L ](5 LX fc )) 

associated to the character #LX fc - Using the isomorphism -D®Q p Q p [r k /I" 'l](<5 'LX fc ) — >* 
-D(fc) ®q p Q P [r^/r L ] : x <g) ae 5iX fc i-)- (x (g) e fe ) ® a (where Q p [IV/Tl] is defined 
similarly as AJ^) , we define 

pr LMk) : H? W (K, D) W{K, D ® Qp Q^/r^x*)) 

H> W(K, D(k) ® Qp Q p [V K /r L }) 
4 H«(L, £>(*)), 

where the last isomorphism is the canonical one induced by the Shapiro's lemma 
(see Theorem 2.2 of [LIPS] ). 

For each k G Z, we define a canonical isomorphism 

f D , k :W lw (K,D) A H? w (tf, D(k)) 

of Qp-vector spaces as follows. We first define continuous Qp-algebra isomorphisms 
f k : A ^ A ( A = A, A™ A*,) by / fc ([ 7 ]) := xW^M for any 7 G IV. Using 
f k , for each n ^ 1, we define a continuous B^ ig ^-linear isomorphism D®q p A L n —> 
-D(^)®Q p A^ : x®A 1 — y (x®e k )®f k (\). This map commutes with ip and r^-actions, 
hence induces an isomorphism C' aK (D®q p A^) A C* )7A .(£)(fc)(8)Q p Aj l ) of com- 
plexes of Qp-vector spaces, hence also induces an isomorphism fo,k '■ Hj w (K, D) ^> 
Hf w (K, D{k)) of Qp-vector spaces for each q. 

Using the ^-complex CI ~ k {D<S)q p A^), we can describe Hj w (if, .D) in a more 
explicit way as follows. 

Theorem 3.3. Let D be a (ip,Tx) -module over ~Bl igK . 
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(1) For each the map 

(j K - 1) : (D® Qp K) A ^=° (D® Qp K) AK '* = ° 
is isomorphism. In particular, the natural map 

c;, 1k (d® Qp k) -> c; tlK (D® Q X) 

is quasi-isomorphism. 

(2) The complex 

C;(D) :[D^D] 

of Aoo-modules concentrated in degree [1,2] calculates Hl w (K,D), i.e. we 
have functorial isomorphisms of A^-modules 

and 

D/(^-l)D^Hl(K,D). 

Proof. This is Theorem 2.6 of [Pol2bj . □ 

Remark 3.4. Let D be a (ip, IV)-module over B^ igX . Then one has that the 
structure of Q p [IV]-Hiodule on D uniquely extends to a structure of continuous 
Aoo-module ( see Proposition 2.13 of [Chl2j ). 

We define p Ali := ^-^^g e Q[A K ], log (o) := G Z p * for any 

flgZp. For g = 1 , the isomorphism 

is defined as the composition of the following isomorphisms, 



— >• 



\jm n K\C;^(D® Qp K)) 

ijm n R\c; nK (D® Qp K)) = Hl(K,D) 



where each isomorphism is defined as follows. The first isomorphism is defined 

by x i — y (|r^ jt0 r|logo(x(7i<:))PAj l :( a:: ®l))n^i, f° r an Y x G D^ =1 . The second isomor- 
phism is defined as the limit of 

where x G (D®q p A' n ) AK is a lift of x and y G (D®q p A^) Ax is an element such 
that (tp — l)x = (jk — l)?/- The third isomorphism is induced by Theorem 13.31 (1). 
For each k G Z, we have the following commutative diagram 

Di<=l Hl(K,D) 



fD,k 



D ( k )** JEHU H\ w (K,D(k)). 
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3.2. p-adic differential equations associated to de Rham (<p, r)-modules. 

In this subsection, we recall the results of Berger concerning the construction of 
p-adic differential equations associated to de Rham ((p, r)-modules. Let D be a 
de Rham ((p, r^)-module over H\ ig K . Then we have an isomorphism K n ((t)) <S>k 

B m( D ) ^ V<m, n ( D ) for each n = n ( D )- Hence K n[[t]} ®k D^ R (£>) is a Te- 
stable i^ n [[t]]-lattice of D difin (.D) for each n ^ n{D). Define Vo := i g(^)) ^ ^-oo 
where 7 is a non-torsion element of Tk, which is independent of the choice of 
7. For each i G Z, we define V« := Vo — i G Aoo. The operator Vo satisfies 
the Leibnitz rule Vo(fx) = Vo(f)x + /Vo(a;) for any / G Bj igi0 x G D. When 

K = F is unramified over Q p , then we have V (/(T)) = t(T + for f(T) G 

Bj igiF . For the case of general K, let P(X) G B^, [T] be the monic minimal 
polynomial of tt k G B^ igX over Bt ^, . Calculating = Vo(-P(7Ta:)), we obtain 
Vo(ttk) = - 1E ^V (P)W), where we define V (P)(X) := £™ V (a,.)X m for 
any P(X) = V™ n a m X m G 5'. ^JXl. We denote by f2„t the continuous 

— U rl g> ft rig, if / A 

differentials. Then one has fl^ ITr , = Bl- ^dT by the etaleness of the inclusion 
C R^ 

Theorem 3.5. Let D be a de Rham (<p, r#-) -module over Bj igif 0/ ranA; d. For 
eac/i n ^ n(D), we define 

Ng(£>) := {x G D (n) [l/f m (x) G # ro [[t]] ®x D&(£>)/or any m £ 71}. 

Tnen N rig (Z}) := liiri^ (D) is a (ip, Tk) -module over Bj igis: of rank d which 
satisfies the following, 

(1) N Tig (D)[l/t] = D[l/t], 

(2) D+ if)n (N rig (£>)) = K n [[t}} ® K D* (£>) /or any n £ n(£>), 

(3) V (N rig (D)) CtNrfgp). 

In fact, the properties (1) and (2) uniquely characterize N r ; g (D). 

Proof. See, for example, Theorem 5.10 of |Ber02] . Theorem 3.2.3 of [Bcr08bJ. □ 
By the condition (3) in the above theorem, we can define a differential operator 

d := jV : N rig (£>) -> N rig (£) 

which satisfies that <9</3 = p<^<9 and $7 = x(l)ld f° r an Y 7 £ IV. In particular, 
we can equip N rig (.D) with a structure of a p-adic differential equation over B\ igK 
with Frobenius structure by 

Nrfgp) N T iJD) (8) t fi B t : z 9(ar)dT, 

rig. J-ST rig,K' 

where we define <p(dT) := pdT and j(dT) '■= x(l)dT for any 7 G T^-. 
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Moreover, because we have an isomorphism 

N rig (£>(-1)) ^ N lig (D) ® B t N rig (Bl igjX (-l)) 

= N rig (L>) ® B t tBl igtK (-l) = *N rig (L>)(-l), 
we obtain a y2-equivariant map 

d : Nrfgp) -> Nrigp(-l)) : x ^ V (x) ® e_i. 

3.3. construction of Exp D h for de Rham (y?, r)-modules. This subsection is 
the main part of this article. We generalize Perrin-Riou's big exponential map to all 
the de Rham (</?, r)-modules, and prove that this map interpolates the exponential 
map and the dual exponential map of cyclotomic twists of a given (</?, r)-module. 

We first prove the following easy lemma. We remark that a stronger version (in 
the crystalline case) appears in §2.2 of [Ber03] . 

Lemma 3.6. Let D be a de Rham ((p, Tk) -module over B>\ igK and let h £ Z^i 
such that Fil" h Df R (D) = T)$ R (D). Then we have 

Vh-i ■ ■ ■ ■ Vi ■ V (N rig (D)) C D. 

Proof. By (3) of Theorem 13.51 and by the formula Vi(fx) = t l Vo(x) for each 
i £ Z, we obtain an inclusion V^_i • • • Vo(N rig (-D)) C ^N^D). Hence, it suf- 
fices to show that t h N rig (D) is contained in D. By (2) of Theorem 13.51 we have 
D+ f)n (^N rig (D)) = t h K n [[t]] ® K Df R (X>) for each n ^ n{D). Hence, by the as- 
sumption on h, t h K n \[t}} ® K D*f R (D) is contained in Fif(K n ((t)) ® K T)f R (D)) = 
D~|" ifn (.D) ^ or an y n = n (D). Hence t h ~N Tig (D) is also contained in D. 

□ 

Definition 3.7. Let D be a de Rham (<p, r^)-module over B^ igX and let h £ Z^i 
such that Fil _ ' l D^ R (_D) = T)^ R (D). Then we define a Aoo-linear map 

Exp D>h : N rig (D)^ =1 -> Hj w (if, £>) : a; ^ t D (V ft _i ■ ■ ■ V (x)), 
where t£> : _D^ =1 — > Hj w (X, D) is the isomorphism defined in Theorem 13.31 

Remark 3.8. This definition is strongly influenced by the work of Berger QBer03j), 
where he re-constructed Perrin-Riou's big exponential map using (if, r)-modules 
over the Robba ring. Using the work in § 3.5 below, comparing D^ ys (D) ®q p 
(BrigQ p )^ = ° with N rig (D)^ =1 , one sees that in the crystalline etale case this our 
map is essentially the same as Berger's, reinterpreted in terms of N rig (Z))^ =1 . 
Therefore, we regard our map as a generalization of his. 

Next, we define a projection map for each L = K or L = K n (n ^ 1) 

T L : N rig (Z^ =1 -». V L dR (D) 
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as follows. Because we have ^(N^ C N^(I?) for any sufficiently large 



m, we have an equality N rig (D)^ =1 = N^™'(D)^ =1 for any m ^> 0. Let n ^ 1 be 
any integer. We take a sufficiently large m ^ n as above. Then we define Tl for 
L = or L = K by 



T L : N^i?)^ 1 = N^p)^ 1 ^ K m [[t]\ ® K D&(£>) 



1 rp„ 



Because we have a commutative diagram 



N 



(m+l) 



rig 



(D) 



*m+l 



m+l 



[[*]] ® 



^jf m+ i/j? m 



fr->0 



-»■ D 



clH 



(£>) 



| Tr if m + l/ifm 



'rig V^-y ' ""UL"JJ "^-n- — 'dR^V r -^dR 

the definition of does not depend on the choice of m > n. 
The following lemma directly follows from the definition. 

Lemma 3.9. Let D be a de Rham ((p, Tk) -module over B^ igX and let h G Z^i 
such that Fi\~ h ~D^ R (D) = D^ R (D). Then we have the following. 

(1) Exp D h+l = V h Exp Dih . 

(2) The following diagram is commutative 



N rig (L>(l))^ - 

Ex PD(l),h+l 



/d(i),-i 



Ex PD,h 



where /d(i),_i : Hj w (i^, -D(l)) ^> H\ W (K, D) is the canonical isomorphism 
defined in §3.1. 

The main theorem of this paper is the following, which says that Exp D h inter- 
polates exp LjD(7c ) for suitable k ^ —(h — 1) and vxPl D v (i-k) for any k < —h for 
any L = K n ,K. According to the comparison of D^ rys (D) £g>Q p (B^ g{ j p )^ =0 with 

N r ; g (D)^ =1 provided in § 3.5, we see this theorem as a generalization of Berger's 
theorem (Theorem 2.10 of |Ber03j ) in the crystalline etale case. 

Theorem 3.10. For any h G Z^i such that Fir h T)£ K (D) = ~D% R (D), Exp D h 
satisfies the following formulae. 

(1) If k ^ 1 and there exists Xk G N rig (D(A;))^ =1 such that d k {xk) = x, or if 
^ k ^ —(h — 1) and x^ := d~ k (x), then 

<_ 1 y+k-i( h + k _ 1 y\ r \ 



P r L,D(fc)( Ex PD,h(^)) 



P 
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,m(L) 



eXVL,D{k){ T L{Xk)), 



(2) if -h ^ k, then 

|r_Lt I ~ 

expI iD v (1 _ fc) (pr LiD(fc) (Exp D fe (s)) = _ L j^ pTn(L) T L (d~ k (x)), 

for any L = K,K n (n ^ 1), where we put m(L) := min{t> p (log(x(7))|7 G 

Proof. We first prove (1). By Lemma 13. 9[ it suffices to show (1) for k = 0. 
Moreover, since we have a commutative diagram 

D*T(D) H 1 (iC m , -D) 



K m /L 



cor 



Km/L 



for each L = K (m ^ n) (where cor x m /L is the corestriction map) and since 
we have an equality 



[K n :L\ 



pm(K n ) pm(L) 



it suffices to show (1) when L = K n for sufficiently large n. Hence we may assume 
that n ^ n(D) and r^ nitor = {1}. We set N n := \T K /(T Kn x A K )\. Then 
we can write uniquely 7^" = ^ n g where 7™ G Tx n is a topological generator of 
and g G Ajf. Under this situation, we prove (1) using the isomorphisms 
1% W (K,D) ^ fanjHC^p^Aj) and R\K n ,D) ^ H 1 ^ (£>)). We 
define 

V7 1 00 (_-i\k-l 

V^L( 7 n-l) fc - 1 GA 00 . 



7n - 1 ' log(x(7n)) ^ n 



Let x G (Ng(D))^ =1 be any element. By the same argument as in the proof of 



rig 



Theorem 2.3 of [Bcr03j, we have equalities 



7n-l V " V " log(x(7n)) 

and 

a-^rW) = ^rr(*»(^)) = j~r7~7T „ T Kn (x)+tz G %„ D&(£>) 

7n 1 7n J- io glAwnJJ 

for some 2; G i£n[M] ®if„ D^(-D). Hence, if we define 

x := V fc _i • V,_ 2 • • • Vi • -^-r(x) G p (n) [l/t])* =1 , 

In — 1 

then we obtain 
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= v fc - 1 -v fc _ 2 ...v 1 ( E ^jyr Jfa (x)+te) 

= { ~^&) )l TK »W (modt^Jt]] ® Xn D&(2?)). 
Next, we claim that we have 

t m (x) = t n (5) ( mod t fc AT m [[t]] ® Km D^(D)) 
for any m ^ n. To prove this claim, it suffices to show that 

- tm(^) e t h K m+1 [[t}} ® Km+1 Df^ +1 (D) 

for any m ^ n. Moreover, since we have t m+ i((<p — l)z) = i m {z) — i m+ i(z) and 
D di f, m (t /l N rig (D)) = t h K m [[t]] ® Km Dj^(D), it suffices to show that 

^-l)xe^ +1 '(D). 

Since a; G N rig (Z>)^ =1 , we have cp(x) - x G N rig (D) ,/ ' =0 . By Theorem there 
exists unique y n G N rig (Z})^ =0 such that 

<p(x) - x = (7 n - l)?/ n . 

Then we have 

= V fc _ 1 ...V 1 .^ T ((7»-l)w B ) 

= V,_! • • • Vi • V (y n ) G t^N^D), 



where the last inclusion follows from Lemma [3.61 

By this claim, by Lemma 12.121 (1), by the definition of the canonical isomor- 
phism H 1 ^, D) ^ E l (C; t7n (D)), and by the fact that t h K m [[t]} ® Km D^(D) C 

D i m P)> we obtain 

( "l°g(x(£» 1)! eXP ^,D (Tjf B (z) ) = [(7n - (1 - 

= [V.-x • V,_ 2 • ■ ■ Vi • V (x), 0] G n\c; r/n (D)). 

Since the natural projection map WK n ,D '■ D^ =1 — > H 1 (ii' n ,Z}) ^> H 1 (C* 7n (-D)) is 
given by Wk h ,d{v) = [log (x(7n))y, 0], we obtain 

P r x n ,D( Ex PD,ft(X>) = [log (x(7n))V/ l _i • • • V (x), 0] 

= " l)! i ^^exp^ iD (T iC „( a; )) 

= " p m(JC„) ^ eX Plf n ,D(^ifn( a:; ))) 

which proves (1). 

Next we prove (2). Because we have 

Tr ^n+i/x„(exp^ n+iD v (1) (x)) = exp* Kn>D v {1) (coT Kn+l/Kn (x)) 
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for any x G H 1 (/<" n+1 , D), it suffices to show (2) for sufficiently large n as in the 
proof of (1). Moreover, by Lemma [3.91 it suffices to show (2) for Exp^, l when D 
satisfies Fil _1 D^(D) = Df R (L>). For x G N rig (L>)^ =1 , we write 

i n {x) := Y, e D+ fjn (N rig (£>)) = K n [[t}} ® Kn Dg(D) (x m G D&(£>)). 

m=0 

Because we have the following commutative diagram 

N rig (£>) ► K n [[t]}® Kn T>«£(D) 

g-k /(t)®e^(^)-*(/(t))®t-**e fc 

N lig (D(k)) ► K n [[t}} ® Kn DSTO), 

for each ^ — f , we obtain 

= i n (d-\x))\ t=0 

= (i)- k (E~=ot m x m )\t=o®t- k e k 

= {-k)\ ■ ® t" fc e fc G D^(D(A;)) = D*£(£>) ® t" fc e fc . 
On the other hand, we have an equality 

P r K„,Z3(it)( Ex PAi( x )) = P r ^„,W V °( x )) 

= [log (x( 7 „))Vo(z) ® e fc ,0] G R l (K n ,D(k)) = H. l (C^ 7n (D(k))) 

and the natural map 

R\C;^(D(k))) -> H 1 (C; i (D dif ( J D(A;)))) = H^iUW) ®k« D&(£>(*)))) 
sends the element [log (x(7n))Vo(x) ®efc,0] to 

[log (x(7n))Vo(i„(aO) ® e fc ] = [log (x(7n)) V (E™ =0 t m a™) ® e fc ] 

Moreover, since we have 

oo 

[log ( X (7n))( Yl mtmX ^ ® ^ = G Hl (^( D dif(^(^)))) ; 

m=l,m^:— A; 

we obtain an equality 

oo 

[log ( X (7n))(^mrx m )®e fe ] = [log ( X (7n))(-A:)x_ fc r fc ®e fc ] G H 1 ^ (D dif (£>(&)))). 

By these calculations and by the definition of exp^ D v (i-k)-> we obtain 
ex Pk,c v (i-fc)(P r ^,-D(fc)( Ex Po,i( a:; ))) = ex Pk^ v (i-fc)([ lo go(x(7 n .))Vo(x) ® e k , 0]) 

= (-l-fc)l. p m(K n ) ^O^)) 

which proves (2), hence finishes the proof of the theorem. 
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3.4. determinant of Exp D h : a generalization of Perrin-Riou's S(V). In this 
subsection, we formulate and prove a theorem which we call 5(D) concerning the 
determinant of our big exponential maps, which says that the determinant of our 
map Exp^, h can be described by the second Iwasawa cohomologies Hf w (K, D) and 
Hj w (iT, Nrig(D)) and by the 'T-factor" which is determined by the Hodge- Tate 
weights of D. 

To formulate the theorem 5(D), we need to recall the definition of the char- 
acteristic ideal char Aoo (M) C Aqo for a co-admissible torsion Aoo-module M. A 
co-admissible Aoo-module is defined as a Aoo-module which is isomorphic to the 
global section of a coherent sheaf on the rigid analytic space U„Spm(A n ). See §1 of 
|Pol2bj for more precise definitions. Let M be a torsion co-admissible Aoo-module. 
For each n ^ 1, we put M n := M Cg> Aoo A n , which is a finite generated torsion A n - 
module, and M — > lim ^ M n by the theorem of Schneider- Teitelbaum. Since A n is 
a finite product of P.I.D.s, M n is a finite length A n -module. Hence, we can define 
a unique principal ideal (f Mn ) of A n such that length ^ Kn)m ((M n ) x ) = v x (f Mn ) for 
each maximal ideal x of A n , where v x is the normalized valuation of the local ring 
(A n ) x of A n at x. By the theorem of Lazard, there exists a unique principal ideal 
(Jm) of Aqo such that /j(fA„ = (/ M J C A n for each n ^ 1. Then, the characteristic 
ideal char Aoo (M) of M is defined by 

char Aoo (M) := (f M ) C Aoo- 

Let Frac(Aoo) be the ring of the total fractions of Aqo- Since we have Aqo — > 
©„ e r Ktof A~ocOc v and have a non-canonical isomorphism Aoo^ — » for each 

V £ r^tor, we have Frac(Aoo) = ©„ e f t Frac(A 00 a ?? ), where Frac(Aooar)) is the 
fraction field of A^a^. For any principal ideals (fi), (/ 2 ) ^ A^ such that foa^ 7^ 
for any i = 1,2 and 77 G T^tor, we denote by (/i)(/2) _1 ^ Frac(Aoo) the principal 
fractional ideal of Frac(Aoo) generated by j± G Frac(Aoo). 

Let Mi and M 2 be co-admissible Aoo-modules, / : Mi — > M 2 a Aoo-hnear mor- 
phism. We assume that Coker(/) is a torsion Aoo-module and that the natural 
induced map a v f : a v (Mi/Mi ttor ) — > « r? (M 2 /M2 it or) is a non-zero injection for 
each 77 G r^ jtor . Because we have (M/M tor ) (g) Aoo A„ M n /M n>toI for any co- 
admissible Aoo-module M and because the latter is a finite projective A n -module, 
we can_define det An (/„)_:= det An (/ n : M 1}n /M 1}n<toI ->■ M 2 , n /M 2 ,„,tor) G A n and 
det Aoo (/) := hm^det An (/ n ) G A^, which satisfies that a ?? det Aoo (/) 7^ for any 

G T^tor- We define a principal fractional ideal det Aoo (/) C Frac(Aoo) by 

det Aoc (/) := (det Aoo (7))char Aoc (M 2 , tor )(char Aoo (M 1)tor ))- 1 C Frac(Aoo). 

Lemma 3.11. det Aoo (— ) satisfies the following formulae; 
(i) det A Jf) = char Aco (Coker(/))(char Aoo (Ker(/)))- 1 . 
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Ill 



For any f\ : M\ — > M 2 and f 2 ■ M 2 — > M 3 as above, we have an equality 

det Aoo (/ 2 o = det Aoo (/ 1 )det Aoo (/ 2 ). 
// we have a commutative diagram 











->• Mi 
/ 
M 2 



M( 



M{' • 



-> 



-» 



wrfn ea;ac£ rows, inen we have an equality 

det Aoo (/') = det Aoo (/)det Ac 



(/") 



Proof. One can prove this by an easy linear algebra argument, so we omit the 
proof. 

□ 

Let Mi,M 2 be A^-modules, dj : Mj — >■ Mj a A^-linear endomorphism. Denote 
by C'_ (Mi) := [Mi Mj] the complex of A^-modules concentrated in degree [1,2]. 
We assume that H J (C*.(Mj)) are co-admissible A^-modules for any i,j e {1,2}. 
Let / : Mi — > M 2 be a A^- linear morphism which satisfies that fod\ = d 2 of. We 
assume that the induced maps H*(/) : H^C^Mi)) -> ff(C' 2 (M 2 )) for z = 1,2 
satisfy the conditions in the last paragraph. Then we define a principal fractional 
ideal 

det Aoo (H'(/)) := det Aoo (H 1 (/))det Aoc (H 2 (/))- 1 . 

Lemma 3.12. det Aoo (H*(/)) satisfies the following; 

(iv) Let (M h di) (i = 1,2,3), /1 : Mi ->■ M 2 and f 2 : M 2 -> M 3 6e as afowe. 
Tnen we nave 

det Aoo (H'(/ 2 o /0) = det Aoo (H-(A))det Aoo (H'(/ 2 )). 

(v) // Ker(/) and Coker(/) are 6cd/i torsion co-admissible Aoo-modules, then 



we have an equality 



det Aoc (H'(/)) = A c 



Proof. This is also proved by an easy linear algebra argument, so we omit the 
proof. 

□ 

We apply these definitions to the following situation. Let D be a de Rham 
(cp, r x )-module over Bj igif . Take h^l such that Fir /l Df R (D) = Df R (L>). We 
want to apply the above definitions to the maps ip — 1 :£)—>• -D, "0 — 1: N r i g (-D) — > 
N rig (.D) and the map V^_i • • • Vo : N rig (D) — > D defined in Lemma 13761 By 
Theorem I3.2[ in order to apply the above definition to this setting, we need to 
show the following lemma. 
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Lemma 3.13. The map 

V fc -i---V : N rig ( J D)^= 1 /N rig ( J D)fo7 1 ~> D+^/D^ 
which is induced by 

Proof. We first note that the map Vft_i ■ ■ ■ V : N rig (D)^ =1 — > D^ =l is the com- 
position of V fe _i • • • V : N rig (.D)^ =1 -> (^N rig (.D))^ =1 with the natural injection 
(t h N rig (D))^ =1 ■=— >■ Z^ =1 . Since we have 

(^N ri6 (i}))£f = At 1 n (^N rig (D)r=\ 

the map (t ?i N ri g( J D)) ,/ ' =1 /(t ,l N ri g(D))t7 1 -»■ D^/Df^ 1 is injective. To show that 
the map 



N rig (D)^= 1 /N rig (D)f= 1 (t fe N rig (D))^V(^N rig (D))f= 1 
is injective, it suffices to show that the map 



N rig ( J D)^ 1 /N rig (D)f= 1 N rig (D)^ 1 /N rig (D)f= 1 

is injective. Since N rig (D)^ =1 /N rig (D)]^7 1 is a finite free A^-module by Theorem 
13.21 and V/^i ■ • ■ Vq € is a non zero divisor, the map 



N rig (D)^=VN rig (D)f= 1 N rig (D)^= 1 /N rig (D)f= 1 
is injective, which proves the lemma. 



□ 



By this lemma and by Theorem I3.2[ we can define a fractional ideal 

det Aoo (H'(N rig (£>) Vfe - r " V "> £>)) C Frac(A 00 ). 

By the definition of det Aoo (— ) and since Hj w (X ) — ) are co-admissible torsion A^- 
modules by Theorem 13.21 we have an equality 

det Aoo (H'(N rig ( J D) D)) = det Aoo (N rig (Z^ =1 ^4 H\ W (K, D))- 

char Aoo (H? w (X,N rig (L>)))(char Aoo (H? w (X, J D)))- 1 . 

Concerning this determinant, we have a following theorem. As we will explain 
in the next subsection, this theorem can be seen as a generalization of the theorem 
5(V) of Perrin-Riou (Conjecture 3.4.7 of |Per94j) and of the theorem 5(D) of 
Pottharst (Theorem 3.4 of |Pol2b J). 

Theorem 3.14. (6(D)) Let D be a de Rham (ip,T k) -module over'Q\ igK of rank d 
with Hodge-Tate weights {hi, h 2 , ■ ■ ■ , hj} (note that the Hodge-Tate weight o/Q p (l) 
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is 1). For any h ^ 1 such that Fil h ~D^ R (D) = T)^ R (D), we have the following 
equality of principal fractional ideals of 



^=1 Ex Pd,\ xjl 

(ntinto^v fti+i j^w " 

= char Aoo (Hj w (if, D))(ch&r Aoo lif w (K, N rig (-D))) _1 . 
In particular, the ideal of the left hand side does not depend on h, where we define 

n£=o _1 v ^+j* := 1 when h = k i- 

Proof. By the definition of det Aoc (H*(— )) and because we have an isomorphism 
W([D £>]) ^> Hj w (iT, D) by Theorem EOl it suffices to show that 

det Aoo (H'(N rig (D) D)) = (f[ f[ \ hi+ji )^. 

i=l j z =0 

Moreover, since we have an equality 
det Aoo (H-(N rig (D)^^D)) 

h-l 

= ndet Aoo (H'(fN rig (D) ^ t i+1 N lis (D))) ■ det Aoa (K'(t h N lig (D) A D)) 

by Lemma 13. 121 (where i : t h ~N Tig (D) ^-y D is the canonical inclusion), it suffices to 
show the following equalities 

(1) det Aoo (H'(fN rig ( J D) ^ t i+l N lig (D))) = for each O^i^h-1, 

(2) det Aoo (H-(^N rig (£>) A D)) = (UU Yl^ V hi+ji )^. 

The claim (1) follows from the property (v) of Lemma 13.121 because Ker(Vj : 
fN lig (D) f +1 N rig (L>)) and Coker(Vi : fN rig (.D) f +1 N ri g (£>)) are finite 
dimensional K - vector spaces by the result of Crew (§6 of |Cr98j ) (precisely, his 
result was under the assumption of the Crew's conjecture, which is now a theorem 
proved by Andre, Christol-Mebkhout and Kedlaya). 

We prove the claim (2) as follows. We first consider the following diagram of 
short exact sequences 

y t h ~N Tig (D) y D ► D/t h N Tig (D) y 



► t h N Tig (D) y D y D/t h N Iig (D) y 0. 

Using snake lemma , we obtain the following long exact sequence 
->nl(K,t h N lig (D)) -> B.\ W (K,D) -> (D/t h N rig (D)f =1 
->Hl(K,t h N Tig (D)) -> Hl(K,D) -> (L>/i n N r i g (£>))/(V> - 1) 0. 
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Since (D/rN rig (D))'' is a torsion co-admissible A^-module and 



(D/t n N rig (D))/(i; - 1) = 
by Proposition 2.1 of |Pol2bj . we obtain an equality 

det Aoo (H*(^N rig p) A D)) = char Aoo (( J D/t' l N rig ( J D))^ 1 ). 
Hence, it suffices to show 

d h—hi — l 

char Aoo (( J D/^N rig ( J D))^= 1 ) = (n J] V, i+Ji )™. 

i=l j t =0 

Since we have D+ f n (t /l N rig (D)) = t h K n [[t}} ® Kn D^(Z>) for any sufficiently large 
n 3> 0, we have a A^-linear isomorphism for each n ^> 

D^/t h N^(D) A J] D+ f)m (D)/(^ m [[t]] ® Xn D^P)) : 2? H- 

where the injection follows from the definition of (D) and the surjection follows 
by the same proof as Lemma 12.91 If we write D^(D) = ®f =1 K/3i such that 
Pi G Fir h< Df R (D) \ FiT hi+1 ~D*f R (D) , then we can write 

D+ f>n (£>) = Fil (tf„((f)) ® x „ D&(£>)) 
= 0ix A)- 
Since IV acts trivially on each we obtain a Aoo-linear isomorphism 

Since we have the following commutative diagrams 



->■ 



n m >.eti^^ m [M]/^ m [W] 



( x "i)m^n^*'( :r ™)m^n + l 

^v^n^p) — ► n^ieti^^iMi/^miwi 



3n + l 



and 



D (n + D /t h N ^) {D) y U m ^n + l®txt hi K m [[t]}/t h K m [[t}} 



9n + l 



9n 



(x m ) m ^ n+1 M-(iTr Jfm+l/Km (x m+ i)) m ^ n 
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we obtain the following A^-isomorphism 

(D/t h N lig (D))^ = \u$ n>>Q (D^/t h N^(D)r=i 

^eti^ n>0 (^ +1/K ^j hi K m {[t))/^K m [[ t ))) 

Since we similarly have the Aoo-isomorphism 

{t h 'K^K/t h K^ =1 ^ J5 t h 'K m [[t]}/t h K m [[t}} 

|Tr Km+l/Km ,m^l 

for each ft' ^ ft, it suffices to show 

char Aoo ((^'B r t igii ,/^B r t ig ^)^ 1 ) = (VvV^ • ■ ■ V^)™. 

Since we have {t h 'B\ igK /t h B\ igK )/(il) — 1) = for any ft, > ft' by Proposition 
2.1of |Pol2bj . we obtain the following short exact sequence 

(t h ' +1 Bl ig> Jt h Bl is>K )^ (^B^^B^)^ 1 (^Bt^/^Bt^)^ 1 
for each ft > ft', hence we obtain 

char^^'B^/^B^)^ 1 ) = f] ^^(t^'^B^^/^'^^B^^)^ 1 . 

i=0 

Hence, to prove the claim (2), it suffices to show the following lemma. □ 
Lemma 3.15. For each ft G Z ; we have 

Proof. From the short exact sequence 

n — / ?i+1 R t — /''r" 1 " — >. / h R"i" // h+1 R t — n 

U >• l D rig,K ^ 1 D ng,K ^ 1 D vig,K/ 1 D rig,K ^ u 

and from the fact that {t h B\ ig K / 't h+l B\ ig K ) / \tp — 1) = 0, we obtain the following 
exact sequence 

H^t^B^) -+ Hl(K,t h Bl ig<K ) {t h B\^ K /t h ^B\ ig ^ 
Hj w (K, t fe+1 Bj igK ) -> H^J^B]^) 0. 

Hence, we obtain an equality 

char^^B^/t^B^)^ 1 ) = deU^H'^B^ ^B^)). 

If we apply (iv) of Lemma 13.121 to the composition of the maps 
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we obtain an equality 
det Aoo (H'(^ +1 B r t igiK ^t' l B r t igiX )) 

= detAjH'^B^ ^ t h Bl^ K ))(det Aoo (R'(t h B^ K ^ t h+1 B^ K )))-\ 

Since we have det A<x> (H , (t /l B r t ig ^ ^ t h+1 B\ igK )) = by the claim (1), we 
obtain 

detAjH'^B^ ^ ^B^)) = det Aca (R'(t h B^ K ^ ^B^)). 

Finally, because i ft Bj. ^/(^ — l)(t h Bl ig K ) is a co-admissible torsion Aoo-module 
and the Aoo-free rank of (t h B\- lgK )^ =l is [K : Q p ] by Theorem 3.2, we obtain 

det Aoo (H'(^B r t ig ^ ^ t h Bl ig>K )) = (V™). 
Combining all these equalities, we obtain the equality 

char Aoo ((t' l B r t lgii ,/t^ 1 B r t igii ,)^ 1 ) = (vf 
which proves the lemma, hence proves the theorem. 

□ 

3.5. crystalline case. In this final subsection, we compare our results obtained in 
the last two subsections with the previous results of Perrin-Riou when K is unram- 
ified over Q p and D is potentially crystalline such that D\k„ is crystalline for some 
n ^ 0. After some preliminaries on the theory of p-adic Fourier transform, we recall 
the Berger's formula of Perrin-Riou's big exponential map ^lo,h ( |Ber03j ) . which 
is a map from a Aoo-submodule of <g>Q p D^™ s (£>) to H\ W (K, D)/H\ W (K, D) tor . 
We next recall the statements of Perrin-Riou's 5(V). Finally, we compare our 
exponential map Exp^, h with Perrin-Riou's big exponential map. In particular, 
we show that our 5(D) is equivalent to Perrin-Riou's 5(V) in the unramified and 
crystalline case. 

If K is unramified, the cyclotomic character gives an isomorphism \ : — > Z<* . 
If we set T :— [e] — 1, then B^ ri K = U r> oBj- g ^ can be written as 

&Z,K ■= if(T) := ^a„T™| a n G K^df(T) is convergent on p~ l l r ^ \T\ P < 1}. 

ragZ 

and the actions of (p and 7 G Tk are given by the formula 

a nT n ) := E ^wca + T ) p - ^ ^(E a - T ") := E a «(^ + T ) x(7) - x ) n - 

ngZ ngZ ngZ ngZ 

We define a <£> and T^-stable subring B^ ig K of B^ ig K by 

+00 

B^ gK := {f(T) = S ^a n T n \ a n G K and f(T) is convergent on ^ |T| P < 1}. 

n=0 
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We have natural <p- and V x — > rQ p -equivariant isomorphisms 

Bl iglQp ®Q P if ^ Bl ig)i0 B+ giQp ® Qp ^> B+ )X : /(T) ® a ^ af(T). 
One has a Ago-linear isomorphism defined by 

Aoo^(B+ giQ /=°:A^A-(l + T). 

We remark that the definition of this isomorphism depends on the choice of T, 
i.e the choice of {Cp"}n^i- in this subsection, we consider potentially crystalline 
((p, r)-modules D over Bj igK such that D\x n are crystalline for some n ^ 0. 
We first need to study the relationship between N rig (.D)^ =1 and A 00 ®q j1 D^ s (D). 

Lemma 3.16. Let D be a potentially crystalline (cp, Tk) -module over T$l igK such 
that D\x n is crystalline for some n ^ 0. Then there exists an isomorphism of 
(if, V K ) -modules over Bj ig ^ 

N lig (D) ^ Bl is<K ® K D^p), 

where, on the right hand side, <p and Tk act diagonally. 

Proof. Since the natural map 

B; ig ,*[l/*] ®k Dg;(D) Z>[l/t] : /(T) ® x ^ f(T)x 

is isomorphism, the natural map 

K lg ,K ®k D^ S (D) £>[l/t] : /(T) ® x H- /(T)x 

is injective. Then, it is easy to see that B^ ^ £g>^ D^™ S (Z?) C satisfies the 

conditions (1) and (2) of Theorem [33J Hence B r f ig ^ ® K D^ S (L>) ^ N lig (D) by 
the uniqueness of N rig (£)). □ 

By this lemma, B^ g K ®k D^ s (D) can be seen as a and stable submodule 
of N r i g (£)). Since we have an isomorphism 

Aoo ® Qp D^ S (D) ^ (B+ )Qj /=° ® Qp D^ S (L>) ^ (B*^ ®* D^ S (L>))^=° 

and the map {<p - 1) sends (B+ gjX ®^ D^ S (L>))^ =1 to (B+ gjX ® K D^ S (L>))^=°, 
to study the relationship between ®q p D^.™ s (D) and N rig (.D)^ =1 , we need to 
study the inclusion (B+ igK ® K T>^ s (D) f= l ^ N vig (D)^ =1 and the map 

Before studying these maps, we recall some facts concerning p-adic Fourier trans- 
form (see § 2.6 of |Chl2j ). Let / : Z p — > Q p be a map and ft, G Z;> . We say that 
/ is locally /i-analytic if, for each x 6 Z p , there exists {a n (x)} n ^ C Q p such that 
/(x + p h y) = Y^=o a n( x )y h f° r an Y 2/ ^ Z p . We define 

LA fe (Z p ,Q p ) := {/ : Z p ->■ Q p |/ is locally /i-analytic} 
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and 

LA(Z P ,Q P ) :=hinLA ft (Z p ,Q p ). 

h 

LA h (Z p , Q p ) is a Qp-Banach space whose norm | — \h is defined by 

\f\h ■= sup xeZp ^ \a n (x)\ p . 
We define the actions of tp, and 76^^ Tq p on LA(Z P , Q p ) by 

'0 (Hxez; 



¥>(/)(*) == 



/(|) (ifxepZp), 



f(p*), 7(/)W:=4t/(: 3 



x(t) x(t) 

We define a map Col : Bj ig Q p — >■ LA(Z p , Q p ), which we call Colmez transform, by 

r/T 

Col(/)(x) := Res((l + T) x f(T) ^-^) for each x G Z p , 
where Res : B^ ig q> — >■ Q p is the residue map defined by 

Res(^ a n T n ) : = a_i. 

The map Col commutes with the actions of ip, and Tq p and we have Ker(Col) = 
13rigQp- Hence we obtain the following short exact sequence 

B+ g;Qp B; ig;Qp ^ LA(Z P , Q p ) 0. 

For each k G Z^ , we define a locally analytic function x k : Z p — > Q p : y h-» y k . 
This function satisfies that 

ip(x k ) = p k x h and 7(x fc ) = x{l)~ {k+l) % k - 

Lemma 3.17. Let D be a f -module overQ p , i.e. D Q is a finite dimensional Q p - 
vector space with a Q p -linear automorphism if : D — >■ D . Then, for sufficiently 
large ko 3> 0, we have the following equalities; 

(i) etut k ® a^ =i = er= (^ ® a^ =i = (B+ giQp ® Qp a^ =i , 

(2) 

fco OO 

0(t fe <g> L> )/(1 - y?)(t fc ® D ) = 0(t fc ® £> )/(l - ¥>)(** ® AO 

fc=0 fc=0 

^> ( B rt g ,Q p ®Q P A)/(l - ^(B r t g;Qp ®Q P A), 

(3) (B r t g ,Q p ®Q P A)/(l - ^)(B r t giQp ® Qp A) = 0, 

(4) ®t (x k ® Do)^ 1 = er=o(^ ® A)^ =1 = (LA(Z P , Q p ) ® Qp D )^i, 

48 



(5) 

fco oo 

0(.x fc ® A))/(l - ® Do) = 0(x fc ® D )/(l - ij)(x k ® Do) 

fc=0 fc=0 

■3- (LA(Z P , Qp) ®Q P D )/(l - V)(LA(Zp, Q p ) ® Qp D ), 

where we define t k ® D := Q p t k ® Qp D and x k ® D := Q p x fc ®q p -D /or each 
k > 0. 

Proof. When D is one dimensional, then all these properties are proved in § 2 of 
|Chl2] . In the general case, this lemma can be proved in the same way, so we omit 
the proof. 

□ 

We go back to our situation. Let D be a potentially crystalline (tp, rx)-module 
over 'B>\ igK such that D\k„ is crystalline for some n ^ 0. We define a Ago-linear 
morphism 



oo 

A : (B^ K ® K B«; s (D)f= 0t fc ® D^ S (D)/(1 - y.)(t fc ® Dj»,(£>)) 

fc=0 

by 



A(^/i(T) ® *) := ® E 9fe (/0(0) " 

i=l i=l 

where we recall that d(f)(T) = (1 + T)^. 

The following lemma was proved in § 2.2 of {Per94j . but here we re- prove it using 
the above lemma. 

Lemma 3.18. There exists a following exact sequence of A^-modules 



0(t fc ® D^(D))^ 1 -> (B+ gjX ® A D^p))^ 1 

fc=0 

^> (Bj^®*Dj*p))** ^ 0(t fe ®D^ s ( J D))/(l-^)(t fe ®D c ^ s ( J D)) 0. 

fe=0 

Proof. Since we have an inclusion 

(1 - ^)(B+ g ,^ ®k D%Z s (D)r =1 C (B+ giA - ® x D^ S (L>))^=°, 
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we have the following exact sequence 

oo 
fc=0 

^ (B^®icD^ s (L>))^=° -> (B r t gii ,^DS; s (L>))/(l-^(B r t gi ^D^ s (L»)), 
where the exactness at the second arrow follows from the equality 

oo 
fc=0 

which is proved in (1) of Lemma [3.171 We show that the natural map 
(B+ gtK ® K V«; s (D)r=° (B+ g>K ®KD^ s p))/(l-^)(B r t g)X ®KD^ s (L')) : z^l 

is a surjection. To prove this claim, let z be an element of R^ igK ®k Dct™ s (.D). 
Then it suffices to show that there exists y G B^ g K ® K D^.™ S (D) such that ip(z — 
(1 — ip)y) = 0. Because we have ip(z — (1 — ip)y) = ip(z) — (tp — l)y, such y exists 
by (3) of Lemma I3.171 

By this claim and because we have a natural isomorphism 



©^D^(5)/(l-rf(i fc ®D5ii}))^(B r ^%D^(5))/(l^)(B^^D5 s (I))) 

k=0 

by Lemma I3.17I we obtain the surjection 

oo 

which is explicitly defined by 



rn in 

J2 fi(T) ® ^ ® (]T ^(/i)(0) • x,))^ . 

Since this map and A are only differ by a factor of k\ at each fc-th component, 
their kernels and images are equal. Hence we finish to prove the exactness of the 
sequence in this lemma. 

□ 

The following definition is Berger's formula for Perrin-Riou's big exponential 
map. More precisely, Berger defined Perrin-Riou's map for crystalline p-adic rep- 
resentations and the following definition is just the direct generalization of his 
formula for potentially crystalline (<p, r)-modules. 
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Definition 3.19. Let D be a potentially crystalline (ip, IV)-module over Bj igA: 
such that D\k„ is crystalline for some n ^ and let h ^ 1 be an integer such that 
Fir fc Df R (£>)) = D% R (D). Then, we define a A^-linear map 

tt D , h : (Aoo ® Qp B^ a (D)f=° Hj w (K, D)/Hj w (lf, D) tor 
as the composition of the isomorphism 

(^-l)- 1 : (A^D^p))^ -4 (B+ gii ,® i ,D c ^ s ( J D))^ 1 /(B+ g>i ,^D^ s ( J D))^ 
with the natural inclusion 

(B^ ®* DS s (^))^ =1 /(Bj g)i , ®* Dg.p))^ 1 ^ N^DJ^/Nrigp)^ 1 
and with the injection proved in Lemma [3. 131 

Ex? D>/l : N rig ( J D)^= 1 /N rig ( J D)^ =1 ^ Hj w (^, D)/H* w (#, 

Remark 3.20. Let U be a crystalline representation of Gk arid let D(V) be the 
(<p, rx)-module over B^ ig K associated to V . If we admit the natural isomorphisms 

Aoo ® A H} w (if, VO ^ Hi w '(if, D) (see § 2 of [PoT2b]) and D£ ys (K) ^> D^ ys ( J D(y)), 
Berger proved that the map 

n v , h : (A*, ® Qp D* S (V)) A =° ^> (A«, ® Qp D* S (L>(V)))*=° 

^> Hj w (K, J D(^))/H I 1 W (K, D(V)) tor ^ A^ ® A (Hj w (K, V)/H{ W (K, V) toI ) 

coincides with Perrin-Riou's original map defined in [Per94j (see Theorem 2.13 of 
|Ber03j ). 

To state Perrin-Riou's S(V), we slightly generalize the definition of det Aoo (— ) to 
the following situation. Let M 1 and M 2 be co-admissible A^-modules. We assume 
that there exist co-admissible Ago-submodules M[ C Mi and M' 2 C M 2 such that 
Mi/M[ and M2 are torsion A^-modules and that there exists a A^-linear map 
/ : M[ M2/M2 for which we can define det Aoo (/). Under this situation, we 
define a fractional ideal det Aoo (/ : Mi — )■ M 2 ) C Frac(Aoo) by 

det Aoo (/ : Mi -> M 2 ) := det Aoo (/ : -> M 2 /M^) char Aoo (Mi/MO- 1 char Aoo (M^). 

We apply this definition to the map 

n D , h : (A*, ® Qp D«; s (D)f=° -> H? w (^, ^)/Hj w (A-, D) te) 
i.e, we define the principal fractional ideal 

det Aoo (ft A?i : A^ ® Qp B^ S (D) Hj w (iT, D)) 

by the product 

det Aoo (n D , h : (Aoo ® Qp D c ^p)) A=0 Hi w (if, D)fH.\ w (K, D) tor )- 
char Aoo (A 00 ® Qp D^; S ( J D)/(A 00 ® Qp V«; s (D)f=°y l • char Aoo (Hj w (K, D) tov ). 
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Using this definition, Perrin-Riou's 5( V)-theorem can be stated as follows. More 
precisely, the following is the direct generalization of Perrin-Riou's S(V) to any 
slope crystalline D. In Proposition 13.231 below, we will prove the theorem by 
proving that the theorem is equivalent to Theorem 13.141 

Theorem 3.21. Let D be a potentially crystalline (ip, Fx) -module over'B>\ lgK such 
that D\k„ is crystalline. Let {hi,-- - ,hd} be the set of Hodge-Tate weights of D 
and let h ^ 1 be an integer such that Fil~ h 'D^ R (D) = ~D^ R (D). Then, we have an 
equality of fractional ideals ofFrac(A oa ) 

det(fi D , h : Aoo ® Qp D^ S (L>) -> Hl(K, D)) 

= ( II ^h i+ f-y h -i) [K:Qp] -ch & r Aoo (UUK,D)). 

Remark 3.22. On the other hand, for any slope potentially crystalline D, Pot- 
tharst defined the "inverse" map 

Log D : Hl(K,D) -> Frac(A oc ) ® Qp B^ B (D) 

of VL D h using the theory of Wach modules. Using Log D , he also proved his 5(D)- 
theorem (Theorem 3.4 of |Pol2bj ) by reducing to Perrin-Riou's 5(V) using a slope 
filtration argument. It is easy to check that the theorem above is equivalent to his 
6(D). 

The next proposition is the main result of this subsection, which says that, when 
D is as above, our Theorem 13.141 is equivalent to the above Theorem 13.211 

Proposition 3.23. We have an equality 

deU^N^p)^ 1 ^> Hl(K,D)) - char Aoo (HL(^,N rig ( J D))) 

= det Aoo (A 00 ® Qp D^p) ^ Hl(K, D)). 
In particular, Theorem \3.1J\ is equivalent to Theorem \3.21[ 

Proof. Since we have N rig (.D) = Bj igX ® K D^™ S (D) by Lemma 13.161 the principal 
fractional ideal 

deUjN^p)^ 1 ^4 Hl(K,D)) ■ char Aoc (H I 2 w (^,N rig ( J D))) 
is equal to the product 

det Aoo ((B^^D-; s (D))^ < » ^ JK,D))- 

char A ^((B r \ g>x ® K D^ s (D))^V(B+ g ^® x D^ s (D))^ 1 )- 1 -char A ^(HL(^,NH g ( J D))). 
Since we have 

(Bt ig>K ®k B% s (D))/(i> - l)(B+ g)K ® K B% S (D)) = 
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by (3) of Lemma 13. 17\ using the snake lemma, we obtain the following isomor- 
phisms 



(B r f ig ®k D^ s ( J D))^= 1 /(B+ g>x ® K T>% s (D)f=' ^ (LA(Zp, Q p ) ® Qp D^p))^ 1 

fc 

0(* fe ® n^(D))*=\ 



'ig crysV II I \ ng,K w ^ erysV // V V P ' ^py "Vp crys\ 

— > 

fc=0 

where the last isomorphism is (4) of Lemma I'd. 171 for sufficiently large k ^> 0. We 
similarly obtain an isomorphism 

fco 

Ul(K, N Tig (D)) ^ 0(x fe ® D*»(I>))/(1 - ® D*»(I>)). 

fc=0 

Hence, we obtain 



char AM ((B r \ g ® x D^ s (D))^V(B+ g ^®KD^ s (D))^ 1 )- 1 -char A ^(HL(^N rig ( J D))) 

ko ko 

= det Aoc (0 x k ® D*»p) ±±> (0 * fc ® D^(D)) = A«,. 



fc=0 fc=0 

where the last equality follows from (v) of Lemma 13.121 Hence, we obtain an 
equality 

det Aoo (N rig p)^ =1 ^> Hl(K,D)) ■ char Aoo (HL(^,N rig ( J D))) 

= det Aoo ((B^ ®, D^P))^ 1 rig, if crys( ; rL( ^ 

Next, we calculate the right hand side of the proposition. 

First, by the definition of VLd,k and by the property of det Aoo (— ), the fractional 



ideal 

is equal to the product 



det Aoo (A oc ® Qp D^p) h j w (K, D)) 



det Aoo ((B r t g ,,^D-; s (D))^ (riE '^ Crys( ! H^,J)). 

det Aoo (((B+ g)K ® x D&p))** 1 ^ ® Qp D^p)))" 1 . 
By Lemma [3.181 we have 

det Aoo ((B+ g)i , ® x D^p))^ =1 ^ A M ® Qp D^ s p)) 

fc k 

= det Aoo (0t* ® D^p) ^ 0t fc ® D*» s p)) = A*,. 



fc=0 fc=0 
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Hence, we also obtain an equality 
det Aoo (A oc ® Qp B%.(D) ^ Hl(K,D)) 

which proves the proposition. 

□ 

List of notation 

Here is a list of the main notation of the article, in the order of the section in 
which it appears. 

§1.1 : exp KV , exp^yv^)- 

§1.2 : a, H? w (*r,y), n Vth . 

Notation: p, K, K ,JC, C p , v p , | - | p , G K , {(p^n^K^JC^, x, T K , e u e k ,jG\.^ 
§2.1 : E+, v^ +1 E, e, p, A+, A, 0, B+ R , t, B dR , Bj ig , AM, BM, B+ iax , B^, B r f ig , 
r n , t n : Bg" ^ B+ R , B max , B e , T, B^ F , B^, e K , K' , r(K), tc k , B^ k , 
bJ^, V, n(K), i n : B^ ^ #„[[*]], ^ Xn+l/Xn , £>| L , D\ D X ®D 2 , 
n(D), DW, D+ if (L>), D dif ,„(L>), D+ if (L>), D dif (L>), K^t}}, K^t)), t n : 
DM ^ D dif>n (D). 

§2.2 : A*, 7x , M Ak , C; K (M), C; tlK (M), R*(K,D), W(K,D[l/t]), W(K, D+ if (£>)), 
H«(tf, D dif (D)), U, <, >, ev, / tr , /4, «, rec Qp , C*^ K (D), Bf ys (L>), D* (£>), 
FiFD dR (£). 

§2.3 : <5 2 , D , q 7Jr pW), C^ K (D^[l/t}), C; tlK (B^ n (D)), C'^ K (D dif ,„(L>)), 
§2.4 : U dif , log(x), <, >dif, exp^ )DV(1) , [-, -]dR- 

§2.5: W, W e , W d + R , W dR , W(V), W e (D), W dR (D), W+ R (D), W(D), D™(W), 
D(W), D(W), C«(G K ,M), 5 q , C'(G K ,M), C'(G K ,W), H 1 ^,^), S 1>w , 
S 2 ,w, DfiiW, exp KW . 

§3.1: A n , Aoo, B+ gjQp , A n , k L n) D®Q v k L n , Hf w (K,D), T K:tOT , r), a v , 

M tor , A(6), fs, pr L)D(fe) , 5 L , Q p \T K /r L Y, f D ,k, fk, Cl(D), l D) p Ali , log (-). 
§3.2 : V , fi B t Ng(£>), N rig (-D), 9, 9. 

rig, if ' ° 

§3.3 : Vi, Exp D h , T L , m(L). 

§3.4 : char Aoo (M), det Aoo (/), det Aoo (H«(/)). 

§3.5 : B+ rig , LA^(Z p ,Q p ), LA(Z P ,Q P ), | - \ h , Col, Res, x k , A, Sl D , h . 
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